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ON THE ESSENTIAL SPECTRUM OF N-BODY HAMILTONIANS WITH 
ASYMPTOTICALLY HOMOGENEOUS INTERACTIONS 


VLADIMIR GEORGESCU AND VICTOR NISTOR 


Abstract. We determine the essential spectrum of Hamiltonians with W-body type in¬ 
teractions that have radial limits at infinity. This extends the HVZ-theorem, which treats 
perturbations of the Laplacian by potentials that tend to zero at infinity. Our proof involves 
C*-algebra techniques that allows one to treat large classes of operators with local singu¬ 
larities and general behavior at infinity. In our case, the configuration space of the system 
is a finite dimensional, real vector space X, and we consider the algebra S (A) of functions 
on X generated by functions of the form v o 'Ky ? where Y runs over the set of all linear 
subspaces of X, wy is the projection of X onto the quotient XfY, and v : X/Y —>• C 
is a continuous function that has uniform radial limits at infinity. The group X acts by 
translations on S{X), and hence the crossed product S'{X) := S{X) xi A is well de¬ 
fined; the Hamiltonians that are of interest to us are the self-adjoint operators affiliated to 
it. We determine the characters of ^(A). This then allows us to describe the quotient of 
<^{X) with respect to the ideal of compact operators, which in turn gives a formula for the 
essential spectrum of any self-adjoint operator affiliated to <^(A). 
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1. Introduction 

1.1. Let X be a real, finite dimensional vector space and let X* denote its dual. IfYcX 
is a subspace, tty ■ X ^ X/Y will denote the canonical projection. Let £{X) be the 
closure in norm of the algebra of functions on X generated by all functions of the form 
M o Try, where Y runs over the set of all linear subspaces of X and u : XjY — C runs 
over the set of continuous functions that have uniform radial limits at infinity. Since X 
acts continuously by translations on £{X), we can define the crossed product C'*-algebra 
^{X) := £{X) X X, which will be regarded as an algebra of operators on L^{X). Our 
main result on essential spectra gives a description of the essential spectrum of any self- 
adjoint operator H on L\X) that is affiliated to S'{X), i.e. such that {H + i)“^ € 

To state this result, we need to first introduce some notation. Thus, for x G X, we let 
denote the translation operator on L?‘{X), defined by {Txf){y) '■= f{y — x). Let Sx be 
the set of half-lines in X, that is 

:= { a, a S X, a 0 } where a := {ra, r > 0}. (1.1) 

We let us'd denote the closure of the union of a family of sets Sa- 

Theorem 1.1. IfH is a self-adjoint operator affiliated to S’{X), then for each a G aG Sx, 
the limit Ta{H) := a.H ■= s-Vmir^+ooTfg^HTra exists and cfess{H) = 

For the proof, see Subsection 6.4 (Theorem 6.21). The meaning of the limit above is 
discussed in Remark 2.10. Here we note only that it is slightly more general than the 
strong resolvent limit since the a.H could be not densely defined, cf. Remark 5.5. 

Theorem 1.1 is a consequence of Theorem 6.18 that is our main technical result since it 
gives a description of the quotient C'*-algebra oiS{X) with respect to the ideal of compact 
operators, cf. Corollary 6.20. More precisely, let [a] denote the one dimensional linear 
subspace generated by a G Sjc and let £{X/[a]) be the subalgebra of £{X) generated 
by the functions u o Try with F Z) a and u as before. Then £{X/[a\) is stable under 
translations, so the crossed product £ (X/ [a]) x X is well defined, and we have a canonical 
embedding 

S{X)IJY{X) ^ n.GSx ^ (1-2) 

defined as follows. For any A G S(X) the limit s-limr_i.+oo =: Ta(A) exists, 

the map is a ^-algebra morphism and a linear projection of S(X) onto its subalgebra 
S{X/[a\), and an operator A G S{X) k compact if, and only if, Ta{A) — 0 for all 
a G Sx- Then the injective morphism (1.2) is induced by the map t(A) := {Ta{A)) 

1.2. In the next few subsections we give some concrete examples of self-adjoint operators 
on Lf[X) affiliated to S(X). 

We recall first some facts concerning the spherical compactification of X (see Section 3). 
The set is thought of as the sphere at infinity of X and X := X U equipped with a 
certain compact space topology, is the spherical compactification of X. If / is a complex 
valued function on X and a G Sx, then lim^^^Q f(x) = c (or limQ, / = c) in the sense of 
the topology of X means the following: “for any e > 0 there is an open truncated cone C 
such that a is eventually i in C and \f{x) — c\ < e if a: G C.” Functions / with values in 
an arbitrary topological spaces are treated in exactly the same way. 

The algebra C(X) of continuous functions on X can be identified with the set of contin¬ 
uous functions rt on X such that lime u exists for all a G Sx (this is equivalent to the 


^ A subset of X is a cone if it is a union of half-lines. A truncated cone C is the intersection of a cone with the 
complement of a bounded set. A half-line a is eventually in such a C if there is a g a such that ra a C > 1. 
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existence of the uniform radial limits at infinity). Then we can regard C{XIY) as an al¬ 
gebra of continuous functions on X/Y. Indeed, when there is no danger of confusion, we 
will identify a function u on X/Y with the function u o Try on X. Thus, we shall think 
of C{XlY) as an algebra of continuous functions on X. Then £{X) is the C'*-algebra 
generated by these algebras when Y runs over the set of all subspaces of X. 

The following notion of convergence in the mean at points a G Sjc is natural in our context 
(see Section 3). If u is a complex function on X and c is a complex number then we write 
m-limc It = c, or m-limj^-^Q, u{x) = c, if lima_).ct Xj+a I^(^) “ c|da; = 0 for some (hence 
any) compact neighborhood of the origin A in X. This also makes sense if u G L^X). 

Let B{X) be the set of functions u G L°°{X) such that m-limo, u exists for any a G Sx- 
This is clearly a C'*-subalgebraof L°°{X). Then B{X/Y) is well defined for any subspace 
Y G X and we have an obvious C'*-algebra embedding B{XjY) C L°°{X). 

Finally, let £^X) C L^{X) be the C'*-subalgebra generated by the algebras B{X/Y) 
when Y runs over the set of all linear subspaces of X. The algebra £'^{X) is, in some 
sense, a natural extension of £{X), cf. Proposition 6.25. 

1.3. We now give the several examples of operators affiliated to S‘{X). Recall that X* is 
the vector space dual to X. First, consider pseudo-differential operators of the form 

H = h{p)+v (1.3) 

where h : X* —R is a continuous proper function and G is a real function. Here 

h{p) := X-^rrihX, (1.4) 

where is a Fourier transform L'^{X) —?> L^(X*) and rrih denotes the operator of multi¬ 
plication by h. Recall that a function h : X* —>■ R is said to be proper if \h{k)\ —>■ oo for 
fc —^ c». It is clear that the operator H given by (1.3) is self-adjoint on the domain of h{p), 
since h{p) is self-adjoint by spectral theory and i; is a bounded operator. 

As a second example of affiliated operators, we consider differential operators on X = R” 
of the form 

L = P^dri.uP'' (1-5) 

\p.\,\u\<m 

where m > 1 is an integer and G £^X). The notations are standard: pj = —idj, 
where dj is the derivative with respect to the j-th variable, and for p, = {pi, ..., pn) G N" 
we set ... p(j" and \p\ = pi -\- ■ ■ ■ + pn- For real s, let Ti,^ be the usual Sobolev 

space on X, in particular = H = L^(X). Then L : "H™ —"H”™ is a well defined 
operator and we assume that there exist 7 , <5 > 0 such that 

{u\Lu) + j\\u\\^ > (5||m||^, for all (1.6) 

Here || • || and || • \\m denote the usual norms on H and "H™. Note that, since the are 
bounded, this is a condition only on the principal part of L (i.e. the part corresponding to 
\p\ = \v\ = m). Then L -f 7 : "H”™ is a symmetric isomorphism, and hence the 

restriction of Lto {L Y is a self-adjoint operator in Ti, that we will denote by H: 

H := L : {L + G)~^n -G H. (1.7) 

Theorem 1.2. Both operators H defined above in Equations (1.5) and (1.7) are affiliated 
to ,g{X). 


We make some remarks in connection with the Theorem 1.2. 
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(1) If i? is given by ( 1. 3) then the strong limit in Theorem 1.1 exists in the usual sense 
of pointwise convergence on the domain of H. (Let us notice that in this case, the 
domain of H is invariant for the action of Tra ) If H is associated to the operator 
L from (1.5), then the limit holds in the strong topology of 

(2) The union that gives aessiH) in Theorem 1.1 may contain an inhnite number 

of distinct terms even in simple 7V-body type cases. Indeed, an example can be 
obtained by choosing X = to be a countable set of lines (whose union 

could be dense in X), and H := A + '^y for some conveniently chosen 

vy G Cc{XlY) satisfying ®op I'^yI < oo. 

(3) The coefficients in the principal part of L are bounded Borel functions, and 
locally this cannot be improved. But the other coefficients and the potential 
V are assumed bounded only for the sake of simplicity, see Remark 6.26 for more 
general results. Later on, we shall also treat unbounded, not necessarily local 
perturbations. See for example Theorems 1.6 and 1.10. 

(4) We stated the applications of the abstract theorems in a way adapted to elliptic 

operators, but the extension to hypoelliptic operators is easy; it suffices to consider 
functions h G C™ with bounded derivatives of order m and to replace the Sobolev 
spaces by spaces associated to weights of the form (^)l- 

(5) Theorem 1.2 and the other results of the same nature remain true, with essentially 
no change in the proof, if the space L‘^{X) is replaced by L'^{X) 0 E with E a fi- 
nite dimensional complex Hilbert space and and v are i3(i?)-valued functions. 
For this it suffices to work with the algebra ^{X) 0 B{E) or the more general 
and natural object ^{X) ® JC{E) where E can be an inhnite dimensional Hilbert 
space. This covers matrix differential operators, e.g. the Dirac operator, which are 
not semi-bounded, and hence the general affiliation criterion Theorem 5.7 has to 
be used. 

Operators of the form (1.3) (and hence also Theorem 1.2 and its generalizations) cover 
many of the most interesting (from a physical point of view) Hamiltonians of iV-body 
systems. Here are two typical examples. First, in the non-relativistic case, X is equipped 
with a Euclidean structure and a typical choice for h is h(^) = which gives h{p) = A. 
Second, in the case of N relativistic particles of spin zero and masses mi,, mN, we take 
X — and, writing the momentum p as p = (pi, ... ,pn) where pj = —iVj acts 

in L^(R^), we have h{p) = We refer to [12] for a thorough study of 

the spectral and scattering theory of the non-relativistic A-body Hamiltonians with fc-body 
potentials that tend to zero at inhnity. We also note that second order perturbations with an 
iV-body structure of the Laplacian, i.e. operators L of second order with non trivial in 
the principal part, are of physical interest in the context of pluristratified media [13]. 


1.4. The structure of the potential v and of the coefficients considered above is more 
complicated than in the usual case of A-body hamiltonians because it can contain products 
of the form ve o ttr ■ vp o ttf, which cannot be written as vq o ttg as in the usual (V-body 
case (here E, F, G are subspaces of X and in the usual 7V-body situation one may take 
G = EnF). If V has a simpler structure, similar to that of the standard 7V-body potentials, 
then Theorem 1.2 may be reformulated in a way that stresses the similarity with the usual 
HVZ theorem. Moreover, in this case we will be able to treat a considerably more general 
class of nonlocal potentials vy (see Subsection 1.5). 

Assume that, for each subspace Y C X, a real function vy G B{XjY) is given such that 
Vy = 0 for all but a hnite number of subspaces Y and let v = vy G (recall the 

identihcation vy = vy o tty)- If a Y then iTYict) G S^/y is a well defined half-line in 
the quotient and we may define VYia) = in-lini^y(Q) vy (see Subsection 1.2 page 3). 
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Proposition 1,3. For each a G E>x, let 

Ha := h{p) + ^ ■yy + ^ vyia). ( 1 . 8 ) 

Y^a Y-pa 

Then a.H — Ha and hence aessiH) = UaeSx'^{Ha)- 

Remark 1.4. The usual 7V-body type Hamiltonians are characterized by the condition that 
all the vy ■ X/Y —>■ K vanish at infinity. Then we obtain a.H = h{P) + '^YDa "^y, so 
Proposition 1.3 becomes the usual version of the HVZ theorem. 

1.5. We give now further examples of self-adjoint operators with nonlocal and unbounded 
interaction affiliated to S{X). For k G X* let Mk be the multiplication operator defind by 
{Mkf){x) = Later we shall use the notation {x\k) := k(x). 

If the perturbation V is bounded, then there are no restrictions on h besides being proper 
and continuous. Indeed, we have the following result. 

Theorem 1.5. Let H — h{p) + V, where h : X* is a continuous, proper function 
and V = Vy is a finite sum with Vy bounded symmetric linear operators on L‘^{X) 
satisfying: 

(i) limfc^o l|[Affc, Vy]|| = 0 , 

(ii) [Ty, Vy] = 0 for all y gY, 

(Hi) s-\m\a^x/Y,a^a T^YTa exists for each a G Sx/y- 
Then H is affiliated to S'{X). 

Note that in the above theorem 1.5, the operator T^yTx depends a priori on the point x 
in X, but if condition (ii) is satisfied, then it depends only on the class tty{x) of x in XjY. 
Therefore we may set = TfVyTx, which gives a meaning to T^VyTa 

for any a G X/Y in condition (iii) above. 

In order to treat unbounded interactions, we have to require more regularity on the function 
h. We denote by | • | a Euclidean norm on X*. 

Theorem 1.6. Let h : X* —>■ [0, c») be locally Lipschitz with derivative h' such that for 
some real numbers c, s > 0 and all k G X* with |fc| > 1 

< h{k) < and \h'{k)\ < c|A:p®. (1.9) 

Let L = ^ Vy be a finite sum with Vy : "H® —"H”® symmetric operators satisfying: 

(i) there are numbers 7 , S with 7 < 1 such that V > —yh(j)) — 5, 

(ii) limfc^o ||[Mfc, = 0 , 

(iii) \Ty, Vy] = 0 for all y gY, 

(iv) s-limagx/y,a->ct TiU'Ti exists in B{'H^for all a G §x/y- 

Then h{p) + V is a symmetric operator "H® —>■ "H”®, which induces a self-adjoint operator 
H in L'^{X) affiliated to S'{X). 

Remark 1.7. If Vy is the operator of multiplication by a measurable function, then Condi¬ 
tion (ii) of Theorem 1.6 is automatically satisfied. On the other hand. Condition (iii) gives 
that Vy{x y) = Vy (x) for all a: G X and y G Y. This means that Vy = vy o wy for a 
measurable function vy -.X/Y —^ R, which has to be such that the operator of multipli¬ 
cation by Vy is a continuous map 7f®(X) —7f“®(X). For this it suffices that the oper¬ 
ator vyi^qy) of multiplication by vy be a continuous map of 'H^{X/Y) into 'H~^{X/Y) 
(here qy is the position observable in L'^{X/Y)). Then the last condition means that 
lima-j-a vyi^qy -|-o) exists strongly in ,B('H®(X/y),'H“®(X/F)). 
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Example 1.8. Let us consider the case of non-relativistic Schrodinger operators. Then X 
is a Euclidean space (so we may identify XjY = Y^) and Hq := A = is the (positive) 
Laplace operator, and hence s = 1. The total Hamiltonian is of the form H = A + 
where the sum is hnite and Vy = where Vy : T-L^{Y^) T-L~^{Y^) is a symmetric 

linear operator whose relative form bound with respect to the Laplace operator on Y-^ is 
zero (this is much more than we need). Then assume MkVy = VyXIk for all k G Y-^. 
For example, Vy could be the operator of multiplication by a function vy ■ Y^ R 
of Kato class Kn{Y) with n(Y) = dim(y^) (see Section 1.2 in [ 8 ], especially assertion 
(2) page 8 ) but it could also be a distribution of non zero order. Indeed, we may take 
as Vy the divergence of a vector held on Y^ whose components have squares of Kato 
class (e.g. are bounded functions): this covers highly oscillating perturbations of potentials 
that have radial limits at inhnity. Note that this Kato class is convenient because then 
Vy o TTy is of class iTdim(A:). See [ 8 , p. 8 ]. To get (iv) of Theorem 1.6 it suffices to assume 
lima_>Q, vy{- + a) exists strongly in foreacha £ Syj.. 

1.6. The spherical algebra S'^iX) := C{X) x X C (S'{X) has several interesting prop¬ 
erties. For example, it contains the ideal = Co(X) x X of compact operators on 

(X). It is remarkable that both Y^{X) and its quotient S^{X) j JY (X) may be described 
in quite explicit terms. In the next theorem and in what follows, we adopt the following 
convention: if we write in a relation, then it means that that relation holds for 
replaced by either S or S*. Let C*{X) be the group C'*-algebra of X, cf. Section 2. 

Theorem 1.9. A bounded operator S on L^(X) belongs to 5^{X) if, and only if, 

lim||(T,-l)^W|| = 0 , lim||[Mfc,5]|| =0, and 

x—fO fc—)-0 

s-lim T* S^*^Ta exists for any a £ Sx . 

a—¥OL 

If S £ oS^(X) and a £ Sx, then Ta{S) = s-lima-j-a T*STa belongs to C*{X). The map 
t[S) : a ea Ta{S) is norm continuous, so t : S^{X) —>■ C'(Sjc) ® C'*(X). This map r is 
a surjective morphism and its kernel is JY (X). Hence we have a natural identification 

y{X)lJY{X) ^ C(Sx) 0 C*{X) ^ Co(§x X X*). (1.10) 

If H is a self-adjoint operator affiliated to S^{X), thenthe limit a.H := s-linia^aTfHTa 
exists for each a £ Sjf and aess{H) = UaO'{a.H). 


Note that in this theorem (as well as in the next), we consider the plain union, not its 
closure. The next result is a general criterion of affiliation to S^{X\ 

Theorem 1.10. Let H be a bounded from below self-adjoint operator on L^(X) such that 
its form domain Q satisfies the following condition: the operators and leave Q 

invariant, the operators are uniformly bounded in Q, and lima;_>o \\Tx — = 0 . 

Assume that || [Mfc, H]\\g^g» —>■ 0 as k ^ 0 and that the limit a.H := limo^a T*HTa 
exists strongly in B{Q, Q*), for all a £ Sjv- Then H is affiliated to 5^ {X), for each a £ Sx 
the operator in Lf{X) associated to a.H is self-adjoint, and aess{H) = ^aCF{a.H). 


Let us notice an important difference between the morphisms Ta of Theorems 1.1 and 1.10. 
(These morphisms appear in the computation of the quotients in (1.2) and (1.10).) More 
precisely, in the dehnition of the hrst r, we take limits over ra, with r oo, that is limits 
along rays, whereas in the second one we take general limits a ^ a (not just along the ray 
a). The stronger assumptions in Theorem 1.10 then lead to a stronger result (in that we do 
not need the closure of the union to obtain the spectrum). 
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1.7. Descriptions of the essential spectrum of various classes of Hamiltonians in terms 
of limits at infinity of translates of the operators have already been obtained before, see 
for example [27, 21, 42, 31, 47] (in historical order). Our approach is based on the “local¬ 
ization at inhnity” technique developed in [21, 22] in the context of crossed-products of 
C*-algebras by actions of abelian locally compact groups. This has been extended to non- 
commutative unimodular amenable locally compact groups in [20], cf. Proposition 6.5 and 
Theorem 6.8 there. The case of noncommutative groups has also been considered recently 
in [34]. See [8, 44] for a general introduction to the basics of the problems studied here. 

A homogeneous potential of degree zero outside of a compact set models a force that 
is perpendicular to the line joining the particle to the origin, and hence trying to force 
the particle to move on a sphere. Results on operators with homogeneous potentials or 
similar potentials were obtained, for example, in [26, 28, 29, 46], where further physical 
motivation is provided. 

In fact, our results shed some new light even on the classical case when the auxiliary 
functions vy that define Vy converge to 0 at infinity, since in our case the spectra of the 
relevant algebras are easier to compute and then can be used to describe the spectra in 
the classical case. Compared to the classical approach [8, 44] to the essential spectrum of 
the At-body problem, our approach has the advantage that is more conceptual, and, once 
a certain machinery has been developed, one can obtain rather quickly generalizations of 
these results to other operators. It also takes advantage of a rather well developed theory of 
crossed products and representations of C'*-algebras. We also develop general techniques 
that may be useful for the study of other types of operators and of other types of questions, 
such as the study of the eigenvalues and eigenfunctions of H, even in the case when the 
radial limits at inhnity are zero. We mention that, by using the expression (1.8) for the 
asymptotic operators, one could prove the Mourre estimate as in [2, Sec. 9.4] for the larger 
class of Hamiltonians considered in Proposition 1.3. 


1.8. Let us briehy describe the contents of the paper. In Section 2, we recall some facts 
concerning crossed products with X of translation invariant C*-algebras of bounded uni¬ 
formly continuous functions on X and the role of operators with the “position-momentum 
limit property” in this context. Then we discuss the question of the computation of the 
quotient with respect to the compacts of such crossed products. In Section 3, we briehy 
describe the topology and the continuous functions on the spherical compactihcation X 
of a real vector space X. This allows us to introduce and study in Section 4 the spheri¬ 
cal algebra J^(X) := C(X) xi X. We obtain an explicit description of the operators that 
belong to S^{X) (Theorem 4.2) and we also give an explicit description of the quotient 
y {X') j (X) (Theorem 4.3). The canonical composition series of this algebra leads to 
Fredholm conditions, and hence to a determination of the essential spectrum for the oper¬ 
ators affiliated to it. In Section 5, we give some general criteria for a self-adjoint operator 
to be affiliated to a general C'*-algebra and apply them to the case qI XiX). The algebras 
E(X) and SiX) are studied in Section 6. Subsections 6.3 and 6.4 contain the main tech¬ 
nical results. At a technical level, the main result in this section is the description of the 
spectrum of £(26) (Theorem 6.14). Subsection 6.4 is devoted to the study of the Hamilton¬ 
ian algebra S(X) and we prove in this section two of our main results. Theorems 6.18 and 
6.21. In Subsection 6.5 we prove Theorems 1.2, 1.5 and 1.6, which describe a general class 
of operators affiliated to SiX) for which we obtain explicit descriptions of the essential 
spectrum. We note that Theorem 6.27 gives descriptions of the algebras CiXjY') x X 
generating S{X) that are not relying on their definition as crossed products. 

This paper contains the full proofs of the results announced in [23], as well as several 
extensions of those results. 



8 


V. GEORGESCU AND V. NISTOR 


1.9. Acknowledgments. We thank B. Ammann and N. Pmdhon for useful discussions. 
We also thank the referee for carefully reading the paper and for useful comments. 

2. Crossed products and localizations at infinity 

In this section, we review some needed results from [22] relating essential spectra of oper¬ 
ators and the spectrum (or character space) of some algebras. 

If A is a hnite dimensional vector space, we denote by Cb (A) the algebra of bounded 
continuous functions on A, by Co(A) its ideal consisting of functions vanishing at inhnity, 
and by CJ](A) the subalgebra of bounded uniformly continuous functions. Let 3§{X) := 
B{L'^{X)) be the algebra of bounded operators on L^(A) and (A) := 1C{L?{X)) the 
ideal of compact operators. 

If y is a subspace of A, we identify a function u on X/Y with the function uoiry on A. In 
other terms, we think of a function on X/Y as being a function on A that is invariant under 
translations by elements of Y. This clearly gives an embedding C/^{X/Y) C CJ](A). The 
subalgebras of C]/{X/Y) can then be thought of as subalgebras of CJ](A). Thus Co{X/Y) 
and the algebra C(A/y) that we shall introduce below are both embedded in CJ](A). 

For any function u, we shall denote by mu the operator of multiplication by u on suitable 
spaces. If m : A —?> C and v : A* —?> C are measurable functions, then u{q) and v{p) 
are the operators on L^{X) dehned as follows: u{q) = mu, the multiplication operator by 
u, and v{p) — T~^muT, where T is the Fourier transform L?{X) L^(A*). If x G X 

and k G A*, then the unitary operators and Mj- are dehned on L^(A) by 

{Txf){y) ■■= f{y - x) and (Mfc/)(y) := , (2.1) 

and can alternatively be written in terms of p and q as and Mk = 

We shall denote by C*(A) the group C*-algebra of A: this is the closed subspace of 
,^(A) generated by the operators of convolution with continuous, compactly supported 
functions. The map v i—>• v{p) establishes an isomorphism between Co(A*) and C*{X). 

We shall need the following general result about commutative C*-algebras. Let .4 be a 
commutative C'*-algebra and A be its spectrum (or character space), consisting of non¬ 
zero algebra morphisms x '■ A ^ If ^ is unital, then .4 is a compact topological 
space for the weak topology. In general, it is locally compact and the Gelfand transform 
: A Co{A), r^(M)(x) := x(u), dehnes an isometric algebra isomorphism. In 
particular, any commutative C'*-algebra is of the form Co(fl) for some locally compact 
space (up to isomorphism). The characters of Co{fl) are of the form Xu, ui G fl, where 

Xujiu) := u{uj) uGCoifl). (2.2) 

If A acts continuously on a C* -algebra A by automorphisms, we shall denote by .4 xi A the 
resulting crossed product algebra, see [41,51]. Here the real vector space A is regarded as 
a locally compact, abelian group in the obvious way. Recall [21] that if is a translation 
invariant C*-subalgebra of C^(A), then an isomorphic realization of the cross-product 
algebra „4 x A is the norm closed linear subspace of 3§{X) generated by the operators of 
the form u{q)v{p), where u G A and v G Cq{X*). As a rule, we shall denote by the 
action of a G A by translations on our algebras of functions. 

Definition 2.1. Let A G ^{X). We say that A has the position-momentum limit property 
;/lima;_>o IKTe - 1 )A(*)|| = 0 and ||[Mfc, A]|| = 0. 

A characterization of operators having the position-momentum limit property in terms of 
crossed products was given in [21]: it is shown that A has the position-momentum limit 
property if, and only if, A G CJ](A) x A. 
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If A is an operator on L'^(X), then its translation by a: S X is defined by the relation 

T^iA) := T^AT, . (2.3) 

The notation x.A := Tx{A) will often be more convenient. If u is a function on X we 
also denote Tx{u) = x.u its translation given by {x.u){y) = u{x + y). The notations are 
naturally related: Tx{u{q)) = {x.u){q) = u{x + q). Note that Tx{v{p)) = v{p). 

By a “point at infinity” of X, we shall mean a point in the boundary of X in a certain 
compactification of it. We shall next define the translation by a point at infinity x for 
certain functions u and operators A. This construction will be needed for the description 
of the essential spectrum of operators of interest for us. 

Let us fix a translation invariant C'*-algebra A of bounded uniformly continuous functions 
on X containing the functions that have a limit at infinity: Co(X) + C C .4 C CJJ(X). To 
every x G X, there is associated the character Xx, defined by Xx{u) '■= u{x) for u G A, 
cf. (2.2). Since A D Co(X), X is naturally embedded as an open dense subset in A. Thus 
.4 is a compactification of X and 

(5(yl) := .4\X, (2.4) 

the boundary of X in this compactification, is a compact set that can be characterized as 
the set of characters xof A whose restriction to Cq{X) is equal to zero. 

Let us recall that if x,y G X, then {x.u){y) = u{x + y) = Xx{y-u). If u G A, we extend 
the definition of x.u by replacing in this relation Xx with a character x G -4. 

Definition 2.2. Let u G A and x G -4. Then we define {x-u){y) ■= Al y G X. 

Since u is uniformly continuous, it is easy to check that t^{u) := x.u G Cj^(X) and that 
: .4 —>■ CJJ(X) is a unital morphism. We will say that is the morphism associated to 
the character x- We note that if the character x corresponds to x G X, then = Tx, so 
our notation is consistent. 

In particular, we get “translations at infinity” of u G .4 by elements x G ^(^). The 
function x X-^ £ ^hi^) defined on A is continuous if CJJ(X) is equipped with the 
topology of local uniform convergence, and hence x-u = lima;^^^ x.u in this topology for 
any x G One has u G Co{X) if, and only if, x-u = 0 for all x G <5(^1). We mention 

that a translation x-^f by a point at infinity x G ()(^) does not belong to A in general. 
However, we shall see that this is true in the case A = £(X) of interest for us, so in this 
case is an endomorphism of A. 

If 4 S 4 XI X, then we may also consider “translations at infinity” t.^{A) by elements 
X of the boundary <5(4) of X in 4 and we get a useful characterization of the compact 
operators. The following facts are proved in [22, Subsection 5.1]. 

Proposition 2.3. For each x G A there is a unique morphism : 4 xi X —>■ C{](X) xi X 
such that 

T^{u{q)v{p)) = {x.u){q)v(jp) , for all u G A, v G Co{X). 

If A G Ayi X, then x strongly continuous map A —>■ I^{X). 

As before, we often abbreviate t.^{A) = x-A. This gives a meaning to the translation by 
X of any operator 4 S 4 xi X and any character x G A. Observe that x e-X-^ just the 
continuous extension to A of the strongly continuous map X 9 x e->• x.A. In particular, 

Ty(4) = s-limT*4Ta; for all 4 G 4 xi X and x G ^(4). (2.5) 

x^X 

We have ,IA{X) = Co(X) xi X C 4 xi X. Then [22, Theorem 1.15] gives: 
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Theorem 2.4. An operator A £ A X is compact if, and only if, t^{A) = 0 Vx S (5(.4). 
In other terms: n^g 5 (^)kerr^ = The map t[A) = induces an 

injective morphism 

A X X/J^{X) U^^siA) cm X (2.6) 

Remark 2.5. We emphasize the relation between this result and some facts from the the¬ 
ory of crossed products. The operation of taking the crossed product by the action of an 
amenable group transforms exact sequences in exact sequences [5 1 , Proposition 3.19], and 
hence we have an exact sequence 

0 ^ Co{X) X X ^ .4 X X ^ {A/Co{X)) x X ^ 0. (2.7) 

Since Co(2f) X ~ we get .4 X ~ [A/Cq{X)^ x which reduces 

the computation of the quotient A x XlJlf{X) to the description of A/Co{X). This is 
convenient since A/Cq{X) ~ C{6{A)). Moreover, we have ^ idx. where the 

morphisms on the right hand side are those corresponding to A. We complete this 
remark by noticing that if x and xi are obtained from each other by a translation by a; G 
X, then the corresponding morphisms and are unitarily equivalent by the unitary 
corresponding to x. In particular, in the above theorem and in the following corollary, it 
suffices to use one x from each orbit of X acting on (5(yf). 

Remark 2.6. Let us notice that in view of the results in [14, 51], the above theorem pro¬ 
vides nontrivial information on the cross-product algebra C((5(.4)) x X, and hence on the 
action of X on i5(.4). It would be interesting to study the corresponding properties for a 
general Lie group G acting on CJ](G') [34]. Morphisms analogous to the can be defined 
also in a groupoid framework [32, 38], but they do not have a similar, simple interpretation 
as strong limits. It would be interesting to understand the connections between the above 
theorem and the representation theory of groupoids [6, 7, 15, 30, 45]. Similar structures 
arise also in the representation theory of solvable Lie groups [4]. Moreover, several im¬ 
portant examples of non-compact manifolds that arise in other problems lead to groupoids 
that are locally of the form studied in this paper (but possibly replacing by a general Lie 
group G, see [24, 25, 36] and many other papers). 

Let A be a bounded operator. By definition, A ^ tTess(^) if, and only if, A — A is Fred¬ 
holm. For a self-adjoint operator A, this is equivalent to the usual definition: “A G CTess (^) 
if, and only if, A is an accumulation point of a-(A) or an isolated eigenvalue of infinite 
multiplicity.” The advantage of this second definition is that it extends right away to un¬ 
bounded, normal operators (see, for instance. Remark 2.9). A crucial observation then is 
that A ^ cress(^) if, and only if, the image A — A of A — A in the quotient I^{X)/JG{X) 
is invertible, by Atkinson’s theorem. So cress(A) = cr(A). On the other hand, the spec¬ 
trum of a normal operator in a product of C'*-algebras is equal to the closure of the union 
of the spectra of its components. Thus the theorem above gives right away the following 
corollary. 

Corollary 2.7. If A G A x Ai A normal, then (Tess(A) = U^g 5 (^)CT(r^(A)). 

If A G SS{X), then the element A G !j§{X) jAlf{X) may be called the localization at 
infinity of A. If A G A x 26, then its localization at infinity can be identified with the 
element t(A) = {t^{A))^^s{A)- Then the component t^{A) G CJ](26) x 26 is called 
localization of A at x & (5(A). Thus the essential spectrum of A G A x 26 is the closure of 
the union of the spectra of all its localizations at infinity, where the “infinity” is determined 
by A. 

We extend now the notion of localization at infinity and the formula for the essential spec¬ 
trum to certain unbounded self-adjoint operators related to A x X. Recall that a self-adjoint 
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operator H on a Hilbert space H is affiliated to a (7*-algebra C yB('H) if {H — z)~^ G ‘if 
for some number z outside the spectrum of H [II]. Clearly, this implies (p{H) G for all 
(fi G Co(K). We shall make some more comments on this notion after the next corollary. 

Corollary 2.8. If H is a self-adjoint operator on L^{X) affiliated to Ayi X, then, for each 
X G the limit t^{H) := s-ViTnx^-^^TfHTx exists and a ess{H) = 

The meaning of the limit above will be discussed below. 

Remark 2.9. Corollary 2.8 is an immediate consequence of Theorem 2.4 if one thinks 
in terms of the functional calculus associated to H. Indeed, a real A does not belong to 
aess{H) if. and only if, there is S Co(R) with i^(A) f 0 such that p{if) is compact. 

For a detailed discussion of the notion of affiliation that we use in this paper we refer to 
[2, Section 8.1] (or [1 1, Appendix A]). This notion is inspired by the quantum mechanical 
concept of observable as introduced by J. Von Neumann in the 1930s (see e.g. [49, Section 
3.2] for a general and precise mathematical formulation) and later (1940s) developed in 
the Von Neumann algebra setting. A notion of affiliation in the C'*-algebra setting has also 
been introduced by S. Baaj and S.L. Woronowicz [3, 52] hut it is different from that we use 
here: the contrary was erroneously stated in [21, p. 534], but has been corrected in [11, 
p. 278]. For example, any self-adjoint operator on a Hilbert space T-L is affiliated to the 
algebra of compact operators /C('H) in the sense of Baaj-Woronowicz, but a self-adjoint 
operator is affiliated to /C('H) in our sense if, and only if, it has purely discrete spectrum. 

According to our definition, a self-adjoint operator affiliated to an “abstract” (7*-algebra 
is the same thing as a real valued observable affiliated to i.e. it is just a morphism 
4) : Co(M) G1 B{T-L), then a densely defined self-adjoint operator H defines an 

observable by 4)((/3) = (p{H) for ip G Co(M), and we say that H is affiliated to if this 
observable is affiliated to But there are observables affiliated to that are not of this 
form: they are associated to self-adjoint operators AT acting in closed subspaces /C C "H as 
explained in the next remark. See [2, Section 8.1.2] for a precise statement and proof. 

We now explain the meaning of s-lima;_^,(- T*HTx for an arbitrary self-adjoint operator H. 

Remark 2.10. Let V be a topological space, z a point in Y, and let {Hy} be a set of self- 
adjoint operators (possibly unbounded) on a Hilbert space H, parametrized by V \ {z}. 
The example that we have in mind is := T*HTx, x G X, and Y obtained from X 
by adding some point of a compactification. We say that s-limy _>.2 Hy exists if the strong 
limit 4>(i^) := s-limy _>2 p{Hy) exists for each function p G Co(K.). It is easy to see that 
this is equivalent to the existence of s-liniy-).z(Hy — A)“^ for some A G C \ R. But we 
emphasize that this does not mean that there is a self-adjoint operator K on Ti such that 
$((^) = p{K)for all p G Co(R) if the notion of self-adjointness is interpreted in the usual 
sense, which requires the domain to be dense in "H. However, the following is true: there 
is a closed subspace K. GlTi and a self-adjoint operator (in the usual sense) K inK. such 
that $((/3)n;c; = ‘f{K)IVic and 4>((/?)n^ = 0, where H^ is the projection onto fC. The 
couple (/C, K) is uniquely defined and we write s-limj, Hy = K. One may have K. = {0}, 
in which case we write s-limj, Hy = oo. See the Remark 5.5 for an example. 

3. Spherical compactification 

As before, is a finite dimensional real vector space. We now briefly discuss the definition 
of the spherical compactification X of X, its topology, and the definition of continuous 
functions on X. Recall that the sphere at infinity Sa: of X is the set of all half-lines 
a = d := R+a, with R+ = (0,c») and a G AT \ {0}, equipped with the following 
topology: the open sets in are the sets of the form {a, a G O} with O open in AT \ {0}. 


12 


V. GEORGESCU AND V. NISTOR 


Let us denote by X the disjoint union X U §x- If | ■ | is an arbitrary norm on X, then 
§x is homeomorphic to the unit sphere Sx '■= {|C| = 1} in X and X = X U §x can be 
endowed with a natural topology that makes it homeomorphic to the closed unit ball in X. 
The resulting topological space X will be referred to as the spherical compactification of 
X and is discussed in detail in this subsection, since we need a good understanding of the 
continuous functions on X. 

It is convenient to have an explicit description of the topology of X independent of the 
choice of a norm. A cone C (in X) is a subset of X stable under the action of K_|_ by 
multiplication. Put differently, C is a union of half-lines. A truncated cone (in X) is the 
intersection of a cone with the complement of a bounded set. A half-line a is eventually 
in the truncated cone C if there is a G a such Ao G C if A > 1. Let C §x be the 
set of half-lines that are eventually in C. Then the sets of the form C^, with C an open 
truncated cone, form a base of the topology of Sx- For any open truncated cone C in X, 
we denote := CU C*!. Then the open sets of X and the sets of the form form a base 
of the topology of X. It is easy to see that AT is a compact topological space in which X 
is densely and homeomorphically embedded. Moreover, X induces on §x the (compact) 
topology we defined before. 

By definition, a neighborhood of a G Sx in AT is a set that contains a subset of the form 
C^. We denote by a the set of traces on X of the neighborhoods of a in X. Thus, a set 
belongs to 5 if, and only if, it contains an open truncated cone that eventually contains a. 
Let y be a topological space and let m : AT —L. If a G Sx and y G Y, then the limit 
lima:_i.Q, u{x) (or limQ, u) exists and is equal to y if, and only if, for each neighborhood V 
of y, there is a truncated cone C that eventually contains a such that u{x) G L if a; G C. 
We shall need the following simple lemma. 

Lemma 3.1. Let u : X ^ C be such that the limit U{a) := lima;_>.Q ■u(x) exists for 
each a G Sx- Then U is a continuous function on Sx- If u is continuous on X, then its 
extension by U on Sx is continuous on X. 

Proof Let us notice first that limA^oo u{Xa) = U (a) for each a G a G Sx- Fix a G Sx 
and £ > 0- There is an open truncated cone C with a G such that |tt(x) — U{a)\ < e 
for all X G C. If /3 G Cf then, for each & G /3, we have limA_ 5 .oo u{Xb) = U(P). Since 
Xb G C for large A, we get that \U{f3) — U{a)\ < e. Since the sets form a basis of the 
topology of Sx, we see that U is continuous- 

To prove the last statement and thus to complete the proof, let us extend m to AT to be 
equal to U on Sx- Then the argument used in the first half of the proof implies that 
|u(a;) —u(a)| < e for all X G C^. Since the sets of the form form a basis for the system 
of neighborhoods of a G Sx in Sx and a is arbitrary, the extension of w to AT by {7 is 
continuous on Sx- Hence if u is continuous on X, then its extension to X is continuous 
everywhere. □ 

Since AT is a dense subset of X, we may identify the algebra C(7f) of continuous functions 
on X with a subalgebra of C(Ar). We now give several descriptions of this subalgebra that 
are independent of the preceding construction of X. Denote by C\i{X) the subalgebra of 
consisting of functions homogeneous of degree zero outside a compact set: 

ChiX) ■= {u G C{X),3K C X comp^LCt with u{Xx) = u{x) if X K,X>1}. (3.1) 

Lemma 3.2. The algebra C{X) coincides with the closure ofCh{X) in Cb(A'). A function 
u G C{X) belongs to C(X) if for any compact A C AT \ {0}, the limit limA^+oo u(Xa) 
exists uniformly in a G A and, in this case, for any compact B G X, we have 

lim u{Xa + b) = u{d) uniformly in a G A and b G B . 

A—^-|-oo 


(3.2) 
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Moreover: 


C{X) = {m G C{X), lim u{x) exists for each a G Sjc } . 


(3.3) 


The proof is an exercise. Observe that the topology we introduced on X could be intro¬ 
duced directly in terms of C\i{X): for example, a is the filter on X defined by the sets 
{x G X, |u(a;) — M(a)| < 1} when uruns overCh(X). 

The space C\i{X) is not stable under translations if the dimension of X is larger than one. 
However, Equation (3.2) - or a direct argument - immediately gives that C(2f) is invariant 
under translations, and hence we may consider its crossed product S^iX) := C{X) x X 
by the action of X. This crossed product is the spherical algebra ofX and we shall study 
it in the next section. Before doing that, however, let us describe an abelian C*-algebra 
of the same nature, but larger than C{X), which is naturally involved in the construction 
of self-adjoint operators affiliated to S'{X). In more technical terms, this new algebra 
is the Gagliardo completion of C{X) with respect to for some (hence for all) 

s > 0, where T-L^ is the Sobolev space of order s on X, TL = Lf{X), and we embed 
C{X) C B{'H) C B{'H^,'H) by identifying a function with the corresponding multiplica¬ 
tion operator. One may find in [2, Sec. 2.1] a discussion of the Gagliardo completion in a 
general setting, but this is not necessary for what follows. 

The following notion of convergence in the mean will be useful. Let A be a compact 
neighborhood of the origin in X and a G Sx. If rt G Ll^^{X) and c G C then m-lima u = 
c, or m-lima;_^a u{x) = c, means limo_i.Q, 1^(2;) — c|da; = 0. Then we shall have 
limo_>a ~ c|dx = 0 VAT C X compact; indeed, K can be covered by a finite 

number of translates of A and the filter a is translation invariant and coarse (see page 15). 

Obviously Bq{X) = {u G L°°{X) \ m-lima u = 0} is a closed self-adjoint ideal of 
L°^{X). We also have CJj( AT) n,Bo(X) = Co{X) as a consequence of Lemma 4.1 that will 
be proved later on for a general class of filters. The algebra of interest for us is: 


B{X)=C{X)+Bo{X). 


(3.4) 


This is a C*-algebra because the sum of a C*-subalgebra and a closed self-adjoint ideal is 
always a C'*-algebra. We have the following alternative description of B{X). 

Lemma 3.3. The set B{X) consists of the functions u G L°°[X) that have the following 
property: for any a G Sx, there is c G C such that m-limQ u = c. 

Proof It is clear that the functions in B{X) have the required property, so it suffices to 
prove that a function u as in the statement of the lemma may be written as a sum u = v + w 
with V G C{X) and w G Bo{X). Observe that the number c is uniquely defined by a, and 
hence we may define a function V : C by the condition V (a) = c. Thus we have 



(3.5) 


Note that (3.5) means that, for any £ > 0, there is an open truncated cone C that eventually 
contains a such that ~ V{a)\Ax < e if a G C. In particular, if we fix a G a, 

then we get limr_>.+oo fra+A l“(^) ~ ^ (Q;)|da: = 0. Let us show now, as in the proof of 
Lemma 3.1, that F is a continuous function. Let us fix a, e and C and consider some 
P G Cf By what we just proved, we have limr_).+oo Jrb+A l^(^) “ V{P)\Ax = 0 for an 
arbitrary 6 G /3. On the other hand, since C is a truncated open cone and /3 is eventually in 
C, we have rb G C for all large enough r, and hence — V (a)|dx < e. Then 


|y(a) — F(/3)||A| < f |l/(a) — M(a;)|da:-I- [ \u{x) — V{P)\(\x < 2e 
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for large r, where | A| is the measure of A. Since these are a basis of the neighborhoods 
of a in Sx, this proves the continuity of V at the point a. 

Now let 6* : AT —!► R be a continuous function such that 0(x) = 0 on a neighborhood of 
zero and 0(x) = 1 for large x. Then the function dehned by v(x) = 0{x)V(x) for x ^ 0 
and u(0) = 0 belongs to Ch(X), and hence it belongs to C(A') as well. On the other hand, 
w := u — V G L°° and, if we set W(a) = |w|da:, then lima^a W{a) =0 for each 

a G Sx- This is because 

lV(a) < I \u{x) — V{a)\dx + sup |u(a;) — F(a)||A| 

Ja+A x£a+A 

and the function v extended by V on Sx is continuous on X, and hence the last term above 
tends to zero when a —a. If e > 0, then for each a G Sx there is an open truncated cone 
Ca such that W^(a) < £ if a G Ca- Since {Cl} cgSx open cover of the compact Sx, 
there is a finite set A C Sx such that Sx = ^a^ACt- Finally, it is clear that is a 

neighborhood of inhnity in X on which we have W(a) < e, so lima^oo W(a) = 0. □ 

Now we give a description of B(X) as a Gagliardo completion of C(X). Recall that u(g) 
is the operator of multiplication by the function u and "H® are Sobolev spaces. 

Proposition 3.4. The set B(X) consists of the functions u G L°°{X) with the following 
property: there is a sequence of functions Un G C{X) such that 

sup ||it„||Loo < oo and lim ||M„(g) — u(( 7 )||-hs^'h = 0 for some real s > 0 . (3.6) 

n 

Proof We begin by noticing that the condition (3.6) is independent of s. In fact, if it holds 
for some s then clearly it remains true if we replace s by any t > s and it will also hold for 
0 < f < s because if we set T = Un{q) — u{q) then we have 

\\T\\w^h < with p = f/s, v = l-t/s. 

It is clear that what we really have to prove is the same assertion, but with B{X) replace 
by Bq{X) and C{X) replaced by Co{X). Assume hrst that u G L°° can be approximated 
with functions Un G Cg as in (3.6) and let £„ = ||u„(g) — u{q)\\-H‘^-H- Let p G such 
that ri{x) is a constant c ^ 0 on A and ||p||h® = 1 and let us denote r]a{x) = rj{x — a). 
Then \\{u - Un)Va\\'H < SnWVaWn’ = £n, and hence WupaWn < £» + ||tt„rya||w- Since 
Un G Co, there is a neighborhood Un of infinity in X such that HunPall-H < £« if a G Un, 
and then we get jupda: < 4c“^£^ for a G Un- This clearly implies u G Bq. 

Reciprocally, let u G Bq. Choose a positive function 9 G C^(X) with f 9(x)dx = 1 and 
let 9g(x) = 9{xle)l£'^ if the dimension of X is d. Then it is clear that the convolution 
product = u* Of, belongs to Cg{X) and ||m * 0e||L=o < ||m||loo. Hence it suffices to prove 
that there is s > 0 such that ||it * 6i;{q) — u{q)\\-H‘‘^'H —0 if e —>■ 0. But this is easy 
because, for s > d/2, we have an estimate 

< C'sup / l/pdx < Cll/lli-sup / |/|dx. 

J a+A J a+A 

We take here f = u * 9g — u and note that \u * 9g — u\dx -A 0 for any compact K 
while, for large a, we use the relation lima_j.oo A+a |?^|da; = 0 . □ 

4. The spherical algebra 

We study now the spherical algebra S^{X) := C{X) n X dehned in the Introduction. We 
begin with a lemma that will be needed in the proof of Theorem 4.2. In order to clarify the 
statement of the following lemma and in order to prepare the ground for the use of hlters 
in other proofs, we recall now some facts about hlters [5]. 
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A filter o« X is a set ^ of subsets of X such that: (1) X S (2) 0 ^ (3) if ^ C C?, 

then G G and (4) if F, G G ^ then FflG G If F is a topological space and u : X —>■ Y, 
then limj u = y, or lima;_^j u(x) = y, means that u~^{V) G ^ for any neighborhood V of 
y. The filter on X is called translation invariant if, for each F G ^ and a: G X, we have 
a: + F G We say that ^ is coarse if, for each F G ^ and each compact K in X, there is 
G G ^ such that G + K C F. Recall that we have denoted by a the set of traces on X of 
the neighborhoods of a in X. Clearly 5 is a translation invariant and coarse hlter on X for 
each a G Sat- 

Lemma 4.1. Let ^ be a translation invariant filter in X, let Abe a compact neighborhood 
of the origin, and u G CJJ(X). Then 

limu = 0 lim / |M(a:)|da; = 0 s-lim u(g + a) = 0. (4.1) 

f Ja+A 


Proof. Recall that u{q) denotes the operator of multiplication by u and u{q + a) is its 
translation by a. We have s-lima-j.^ u{q + a) = 0 if, and only if, f |it(x + a)/(a;)pda: —0 
as a —^ for all / G Lf{X), by the dehnition of the strong limit. By taking / to be the 
characteristic function of the compact set A and by using the Cauchy-Schwartz inequality, 
we obtain lima-j.^ |M(a:)|dx = 0. Reciprocally, if this relation is satished then it is 
also satished with A replaced by any of its translates because ^ is translation invariant. 
By summing a hnite number of such relations, we get limo_>^ Sa+K 1 ^( 2 ^) = 0 for 

any compact K. Since u is bounded, we also obtain lima_s.^ la+K \u{x)\’^dx = 0 and so 
limo_).j f |u(x + a)/(x) pdx = 0, for any simple function /. Using again the boundedness 
of u, we then obtain lima^^ f |m(x + a)f{x)\^dx = 0 for / G Lf{X). 

We now show that lim^ u = 0 is equivalent to lima-j.^ /o+a l'tt( 2 :) |dx = 0. We may assume 
u > 0 , and since u and a i—t u(x)dx are bounded uniformly continuous functions, 
we may also assume that ^ is coarse'. If lim^ u = 0, then {u < sj € ^ for any e > 0. 
Since ^ is coarse, there is F G ^ such that F + A C {u < e}, and hence, if a G F, then 
/^_i_^M(x)dx < s\a + A| = £|A|. Thus we have lima_>j J'^_|_^M(x)dx = 0. Conversely, 
assume that this last condition is satished and let e > 0 Since u is uniformly continuous, 
there is a compact symmetric neighborhood F C A of zero such that \u{x) — u{y)\ < e if 
x,y € L. Then 

u{a)\L\ = / {u{a) — u{x))dx + / M(x)dx < e|F| + / u{x)dx , 

Ja-\-L J a-\-L J a+L 

and hence limsup^^j u{a) < e\L\. □ 

Recall that Ta (S') = T*STa, where the unitary translation operators Tq aredehnedin(2.1). 

Theorem 4.2. The algebra dX{X) := C(X) x X consists of the S G £§{X) that have the 
position-momentum limit property and are such that s-lima_>tj Ta(S)*-*^ exists V a G Sx- 


Proof Let £/ be the set of bounded operators that have the properties in the statement of 
the theorem. We hrst show that o5^(X) C Recall that in the concrete realization we 
mentioned above, CJ((X) x X is identihed with the norm closed linear space generated 
by the operators S = u{q)v{p) with u G CJ((X) and v G Co(X*), while C(X) x X is 
the norm closed subspace generated by the same type of operators, but with u G C(X). It 


Irhis follows from [22, Lemma 2.2] and a simple argument, which shows that the round envelope of a 
translation invariant filter is coarse. We do not include the details since in our applications ^ = 5, which is 


coarse. 
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follows that an operator S = u{q)v{p), with u G C{X), has the position-momentum limit 
property and 

s-limT*S'Ta = s-\iuiu{q + a)v{p) = u{a)v{p), (4.2) 

a—^a a—¥a 

because of relation (3.2). Thus ^{X) C £/ and it remains to prove the opposite inclusion. 

It is clear that £/ is a C'*-algebra. From [22, Theorem 3.7] it follows that £/ is a crossed 
product = A ><i X with A C if, and only if, £/ C Cj^iX) x X and 

X G X,k G X*,S G ^ T^S G £/ and M^SMl G (4.3) 

By the dehnition of i?/, the condition C CJ[(X) x X is obviously satished. Moreover, 
we have T*T^STa = T^T*STa and T*MkSM*Ta = MkT*STaM*, and hence the last 
two conditions in (4.3) are also satished. Therefore £/ is a crossed product. Theorem 3.7 
form [22] gives more: the unique translation invariant C*-subalgebra A C C^{X) such 
that £/ = ^ X X is the set of u G CJ](X) such that u{q)v{p) and u{q)v{p) belong to 
if V G Co(X*). In our case, we see that A is the set of all u G C^{X) such that 
s-\ima-KiT*u{q)^*^Tav{p) exists for all a G Sx and v G Co(X*). But the operators 
T:u{q)^*^T, = {q + a) are normal and uniformly bounded and the union of the ranges 
of the operators v{p) is dense in L^(X), and hence 

A = {u G CJ](X), 3 s-limu((j' 3- o) Va £ Sx}- 

a—>- q; 

Let us hx a and let u G CJ[(X) be such that the limit s-limo_>(j u{q 3- a) exists. This limit 
is a function, but since the hlter a is translation invariant, this function must be in fact a 
constant c. Applying Lemma 4.1 to rt — c we get limo, u = c. Lemma 3.2 then gives 

A = {uG C(X), 3 lim u{x) Va G §x} = C(X). 

X—^OL 

This proves the theorem. □ 

For each a G Sx and S G ^(X) := C(X) x X, we then dehne 

T^(S) := s-limT:STa. (4.4) 

Theorem 4.3. If S G ■lA’{X) and a G §x, then Ta{S) G C*(X) and the map t{S) : 
a ea To,{S) is norm continuous, and hence r : S^{X) —> C(Sx) ® C*{X). The resulting 
morphism r is a surjective morphism and its kernel is the set AT{X) = Co(X) x X o/ 
compact operators on L^(X). Hence we have a natural identification 

y{X)IX{X) ^ C(§x) ® ^^(X) ^ Co(Sx X X*). (4.5) 

Proof. If 5 = u{q)v{p), then, from (4.2), we get Ta{u{q)v{p)) = u{a)v{p), and thus 
t{S) = u ® v{p), where u is the restriction of u : X — C to Sx- The hrst assertion 
of the theorem then follows from the density in ^^{X) of the linear space generated by 
the operators of the form u{q)v{p). The fact that are morphisms follows from their 
definition as strong limits, and it implies the fact that r is a morphism. Since the range 
of a morphism is closed and u ea u is a surjective map C(X) —>■ C'(Sx), we get the 
surjectivity of t. It remains to show that kerr = Co(X) x X. By what we have proved, 
£/q = ker T is the set of operators S that have the position-momentum property and are 
such that s-lima^Q TaSTa = 0 for all a G §x- The argument of the proof of Theorem 
4.2 with £/ replaced by sA] shows that sA] = Ao ><i X, with Ao equal to the set of all 
u G C“(X) such that lima;_).c( u{x) = 0 for all a G §x- Therefore Aq = Co(X). □ 

Remark 4.4. The fact that Ta{S) belongs to C*{X) can be understood more generally 
as follows. Since the filter 5 is translation invariant, if S is an arbitrary bounded operator 
such that the limit Sc ■= s-limo_>„ T*STa exists, then Sa commutes with all the T^, and 
hence S is of the form v{p), for some v G L°°{X*). If S has the position-momentum limit 
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property, then it is clear that Sa also has the position-momentum limit property, which 
forces V € Co{X*). 

We have the following consequences of the above theorem. We notice that we do not need 
closure in the union in the following results since Ta{S) depends norm continuously on 
a. See [39] for a general discussion of the need of closures of the unions in results of this 
type. 

Corollary 4.5. Let S G S^{X) be a normal element. Then aess{S) = UaO'{Ta{S)). 
Similarly, we have the following. 

Corollary 4.6. Let H be a self-adjoint operator affiliated to S^{X). Then for each a G Sx 
the limit a.H := s-lima^a TfHTa exists and Uess^H) = UQ.cr(a.i/). 

For the proof and for the meaning of the limit above, see Remark 2.10. 

We give now the simplest concrete application of Corollary 4.6. The boundedness condi¬ 
tion on V can be eliminated, but this requires some technicalities, which will be discussed 
in the next section. 

Proposition 4.7. Let H = h{p) V, where h : X* —>■ R /s a continuous proper function 
and V is a bounded symmetric linear operator on L‘^{X) satisfying 

(i) limfc^o Il[^fc,l^]|| = 0, 

(ii) a.V := s-lima^a T*VTa exists for each a G Sx- 

Then H is affiliated to y{X), we have a.H = h{p) -f aX, and (Tess(^) = 'Oa(r{a.H). 
Moreover, for each a G Sx, there is a function Va G such that aX = Vaijp). 

Proof. First we have to check that the self-adjoint operator H is affiliated to X{X). For 
this, it suffices to prove that there is a number z such that the operator S = {H — z)~^ 
satisfies the conditions of Theorem 4.2. To check the position-momentum limit property 
we have to prove that (Tx — 1)<S' and [Mk, S'] tend to zero in norm when a; —0 and 
k ^ 0 (the condition involving S* will then also be satisfied since S* is of the same form 
as S). Since the range of S is the domain of h{p), the first condition is clearly satisfied. 
If we denote Sq = {h{p) — z)~^ and choose z such that ||l^So|| < 1, then we have 
S = So(l + l/So)“^ and Sq G C*(X), and hence [Mk,So] tends to zero in norm as 
/c —0. It remains to be shown that (1 -f also satisfies this condition; but this is 

clear because the set of bounded operators A such that || [Mk, A] || —0 is a C*-algebra, 
and hence a full subalgebra of dBifX). 

The fact that s-lima->.ct T*STa exists and is equal to a.S' = {a.H — z)~^ for each a G Sx 
is an easy consequence of the relation T*STa = So(l + T*VTaSo)~^. 

Finally, to show that a.V = Va{p), for some Va G CJ](2f*), we use the argument of 
Remark 4.4. Indeed, we shall have this representation for some bounded Borel function 
Va, which must be uniformly continuous because limfe_>o || [Mk, || = 0 . □ 

Example 4.8. A typical example is when V is the operator of multiplication by a bounded 
Borel function 1/ : X —R such that V(a) := lima;^Q, V(x) exists for each a G Sx- 
Then a.V is the operator of multiplication by the number V(a). Note that by Lemma 3.1 
the limit function a H> V(a) is continuous on even if V is not continuous on X. 

Remark 4.9. The constructions in this section are related to the ones involving the so 
called “SG-calculus” or “scattering calculus,” see [9, 10, 26, 37, 40, 43] and the references 
therein. In fact, the closure in norm of the algebra of order —1, 5'G'-pseudodifferential 
operators coincides with the algebra C(2f) x X. 
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5. Affiliation criteria 

We now recall, for the benefit of the reader, a little bit of the formalism that we shall use 
below. If is a self-adjoint operator on a Hilbert space "H, then the domain of 
equipped with the graph topology is called the form domain of H. If we denote it Q, then 
we have a natural continuous embedding Q dH C. G*, where G* is the space adjoint of G 
(space of conjugate linear continuous forms on G)- The operator H : D{H) —i Ti, extends 
to a continuous symmetric operator H G B{G,G*), which has the following property: a 
complex number 2 ; belongs to the resolvent set of H if, and only if, i? — z is a bijective 
map G —I G*- In this case, {H — z)~^ coincides with the restriction of {H — z)~^ to 
TL. Conversely, let G he a Hilbert space densely and continuously embedded in "H. If 
L : C/ —I C/* is a symmetric operator, then the operator induced by L in TL is the operator 
H in TL whose domain is the set of u G G such that Lu G TL given by H — L\D{H). If 
L — z : C/ —I C/* is a bijective map for some complex z, then D{H) is a dense subspace of 
TL, the operator H is self-adjoint, and H = L. If C is bounded from below, then G coincides 
with the form domain of H. From now on, we shall drop the “hat” from the notation H 
and write simply H for the extended operator when there is no danger of confusion. 

Lemma 5.1. Let G be a Hilbert space densely and continuously embedded in Then 

the following conditions are equivalent: 

• The operators Tx and Mk leave invariant G, we have ||T!j;||g( 0 ) < C for a number 

C independent of X, andVmix^a \\Tx — = 0. 

• G = D(w{p)) for some proper Borel function w : X* —I [l,c») that has the 
following property: there exists a compact neighborhood A of zero in X* and a 
number c > 0 such that sup^g^^ w{k + £) < cw{k) for all k G X*. 

Proof We discuss only the nontrivial implication. Denote TL — Lf{X). Since {Tx}x^x 
is a strongly continuous unitary group in TL that leaves G invariant, the restrictions Tx\G 
form a Co-group in G, which by assumption is (uniformly) bounded. It is well known that 
this implies that there is a Hilbert structure on G, equivalent to the initial one, for which the 
operators Tx\G are unitary (indeed, K. is amenable). Thus, from now on, we may assume 
that the operators Tx are unitary in G- Then, by the Friedrichs theorem, there exists a 
unique self-adjoint operator G onTL with the following properties: 

(i) G > c > 0 for some number c; 

(ii) G = D{Gy, 

(iii) for all g G G,'xe have \\g\\g = HG^H. 

By hypothesis, the unitary operator Tx leaves invariant the domain of G and \\g\\g = 
||GTa;p|| = ||T*GTa; 5 || for all g G D{G) and x G X. By the uniqueness of G, we have 
T*GTx = G, and hence G commutes with all translations. It follows that there is a Borel 
function ir; : AT* —i [c, 00) such that G = w{p). We have 

WiTx - l)\\g^n = \\{Tx - l)G-y\n^n = - l)w-\P)\\n^n 

= ess sup |(e“^ — l)r(;“^(p)| 

pGX* 

and w~^ is a bounded Borel function. It follows that w~^ tends to zero at infinity. 

Now we shall use the fact that the operators Mk also leave invariant G- Then the group 
induced by {Mfc} in is of class Go. In particular, \\w(j])Mig\\ < G||r(;(p)p|| if £ G A and 
g G G- Since M^w{p)M£ = w{p + £), we get ||r(;(p -f £)w{p)~^ f\\ < C\\f\\ for f G A 
and f G TL, which means that w{k + £)w{k)~^ < G for all k G X* and £ G A. Thus for 
each fixed k, w is bounded on A: -f A, and hence w is bounded on any compact. □ 
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The next result is a general criterion of affiliation to for semi-bounded operators. 

Theorem 5.2. Let H be a self-adjoint operator on L^(X) that is bounded from below and 
its form domain Q satisfies the conditions of Lemma 5.1. Assume that || [Mfc, H]\\g^g* —^ 0 
as fc —> 0 and that the limit a.H := lima_>a T*HTa exists strongly in B{Q, Q*), for all 
a G Sx- Then H is affiliated to SA{X), for each a G Sa: the operator in Lf {X) associated 
to a.H is self-adjoint, and aess{H) = Ua(T(a.iT). 

Proof. We shall use Theorem 4.2 and then Corollary 4.6. We first check that the first 
conditionof Theorem 4.2 is satisfied. Denote i? = {H-\-i)~^. We have \\{Tx — l)\\g^'H = 
\\{Tx — and hence lim^^^o II— 1)-R|| = 0. As explained above, R extends 

uniquely to an operator R G B(Q*,Q). The operators Mk leave Q invariant and thus 
extend continuously to Q*. Consequently, we have [Mk,R] = R[H, Mk]R. Hence we get 
limfc_).o II [Mk, R]\\g*-yg = 0, which is more than enough to show that H has the position- 
momentum limit property. 

To finish the proof of the proposition, it is enough to check the last condition of The¬ 
orem 4.2 and then use Corollary 4.6. Clearly a.H : G ^ G* satisfies {g\a.Hg) = 
\ima^c<{Tag\HTag) for each g G G- Note that since we assumed H bounded from 
below, we may assume that H > 1 (otherwise we add to it a sufficiently large num¬ 
ber). Then, if w is as in Lemma 5.1, the norm ||r(;(p)p|| defines the topology of G, 
and hence {u\Hu) > c||r(;(p)u||^ for some number c and all u G G- This implies 
{Tag\HTag) > c\\w{p)Tagf = c\\w{p)gf. Thus we get {g\a.Hg) > c\\w{p)g\\^, 
and hence a.H is a bijective map G ^ G*- Next, to simplify the notation, we set 
Ha = T*HTa, Ha = a.H, and note that since these operators are isomorphisms G ^ G*, 
we have Hf^ — Hf^ = Hf^{Ha — Ha)Ha^ as operators G* G, which clearly implies 
s-lima_j.Q T*H~^Ta = Hf^ in B{G*, G), which is more than enough to prove the conver¬ 
gence of the self-adjoint operators T*HTa to the self-adjoint operator a.H in L^{X) in 
the sense required in Corollary 4.6. □ 

In the next theorem, we consider operators of the form h{p) -f V, with V unbounded, and 
impose on h the simplest conditions that ensure that the form domain of h{p) is stable 
under the operators Mk. Obviously, much more general conditions could have been used 
to obtain the same result, however, these conditions are well adapted to elliptic operators 
with non-smooth coefficients. For any real number s, let Tf® = T-L^{X) be the Sobolev 
space of order s on X. Also, let | • | be any norm on X*. 

Theorem 5.3. Let h : X* —>■ [0, c») be a locally Lipschitz function with derivative h' such 
that, for some real numbers c, s > 0 and all k G X* with |A:| > 1, we have: 

c“^|A:p® </i(fc) < c|fcp'* and \h'{k)\ < c\k\'^^ . (5.6) 

Let V : "H® -G symmetric such that V > —"fh{p) — 6, for some numbers 7 , <5, with 
7 < 1. We assume that V satisfies the following two conditions: 

(i) liuik^o\\[Mk,V]\\<n — 0 , 

(ii) Va G Sx the limit a.V := s-lima_>tj T*VTa exists strongly in B{'H^ 

Then h{p) -\- V and h{p) -f a.V are symmetric operators "H® —>■ "H”® and the operators H 
and a.H associated to them in L^(X) are self-adjoint and affiliated to M'{X) := C{X) x 
X. Moreover, the essential spectrum of H is given by the relation aess{H) = UaCr{a.H). 

Proof. If we denote w = \/\-\- h, then the form domain G of h{p) is (/ = D{w{p)) = H®. 
The second condition of Lemma 5.1 will be satisfied if sup|^|^]^ h{k-\-f) < c(l -I- h{k)) for 
some number c > 0, which is clearly true under our assumptions on h. Then note that we 
have h{p) -|-W-|-(5-|-l> (1 — y)h{p) -f 1 as operators (/—>■(/* and this estimate remains 
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true if V is replaced by a.V. It follows that h(p) + V + S + 1 : Q —)■ Q* is bijective, and 
hence the operator H induced by h{p) + V in L?{X) is self-adjoint. The same method 
applies to a.H. Thus the conditions of Theorem 5.2 are satisfied and we may use it to get 
the results of the present theorem. □ 

Example 5.4. The simplest examples that are covered by the preceding result are the usual 
elliptic symmetric operators bounded measurable coefficients 

such that \m\a^a gfivix -I- a) = g'^^, exists for each x € X and a £ Sx- Here 
X = R" and the notations are as in (1.5) and we assume (1.6). Then the localizations at 
infinity will be the operators a.H, which are of the same form, but with the functions 
replaced by the numbers Note that a i—are continuous functions. We can also 
allow the lower order coefficients to be suitable singular functions or even suitable 
non-local operators. 

Remark 5.5. The situations considered in Example 5.4 could give the wrong impression 
that the localizations at infinity a.iT are self-adjoint operators in the usual sense on L?{X). 
The following example shows that this is not true even in simple situations. Let H — 
p^ -f v{q) in L^(]R) with v{x) = 0 if x < 0 and v{x) = x if x > 0. It is clear that H 
has the position-momentum limit property and, if i? = {H -f 1)“^, it is not difficult to 
check that s-lima_>+oo T*RTa — 0 and s-lima_i._oo T*RTa = {p^ + 1)“^. Indeed, the 
translated potentials Va{x) = {T*v{q)Ta){x) = v{x + a) form an increasing family, i.e. 
Va < Vb if a < b, such that Va{x) —>■ -boo if a —>■ -l-oo and Va{x) —>■ 0 if a —>■ — oo. Thus 
i/+oo = 00 , in the sense that its domain is equal to {0}, and 7T_oo = P^- 

Remark 5.6. In view of the Remark 5.5, it is tempting to see what happens in the case of 
the Stark Hamiltonian H = p^ + q. In fact, the situation in the case of the Stark Hamilton¬ 
ian is much worse: H has not the position-momentum limit property (both conditions of 
Definition 2.1 are violated by the resolvent of H) and we have s-lim|a|_>,oo T*HTa = oo 
and s-lim|fc|^oo M^HMk = oo, while the essential spectrum of H is K. So the localiza¬ 
tions of H in the regions |p| ^ oo and jql ^ oo say nothing about the essential spectrum 
of H. 

We now recall some definitions and a result that can be used for operators that are not semi- 
bounded and that will be especially useful in the general context of iV-body Hamiltonians. 

Let Hq be a self-adjoint operator on a Hilbert space TL with form domain Q. We say that 
a continuous sesquilinear form V on Q (i.e. a symmetric linear map V : Q ^ Q*) is a 
standard form perturbation of Hq if there are positive numbers 7 , S with 7 < 1 such that 
either zLV < y\Ho\ -b 5 or Hq is bounded from below and V > —yHo — 6. In this case, 
the operator in iT in H associated to Hq -\-V : Q ^ Q* is self-adjoint (see the comments 
at the beginning of this section). 

We do not recall the definition of strict affiliation, but we use the following fact: a self- 
adjoint operator H is strictly affiliated to a C*-algebra If’ of operators on H if, and only if, 
there is 0 £ Co(R) with 0(0) = 1 such that limE_j.o \\6(eH)C — C\\ = 0, for all C £ '^. 
The following is a consequence of Theorem 2.8 and Lemma 2.9 in [11]. 

Theorem 5.7. Let Hq be a self-adjoint operator, V a standard form perturbation of Hq, 
and H = Hq -b V the self-adjoint operator defined above. Assume that Hq is strictly 
affiliated to a C*-algebra ^ of operators on 'H. If there is f £ Co(R) with 4>{x) ~ 
for large x such that ^(HQf^V ((/(Hq) £ then H is also strictly affiliated to 

We may of course replace (j)(Ho)^V4>{Ho) £ “^ by the more symmetric and simpler look¬ 
ing condition (j)(HQ)V(f>{HQ) £ but this will not cover in the applications the case when 
the operator V is of the same order as Hq. Lor operators bounded from below we have: 
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Theorem 5.8. Let be a positive operator strictly affiliated to a C* -algebra of operators 

on a Hilbert space H. Let V be a continuous sesquilinearfonn on D{Hq ) such that 

V > —7i^o ~ <5 with 7 < 1. If (p{Ho)V{H q + S for any (p € Cc(K), then the 

form sum H = Hq + V is a self-adjoint operator strictly affiliated to 

The next proposition is an immediate consequence of Theorem 5.8. Note that below the 
form domain of h{p) is the domain of fc(p), where k is the function It is clear that 

if /i is a proper continuous function, then h(p) is strictly affiliated to ,5^ (X). 

Proposition 5.9. Let H = h{p) + V, where h : X* —> R /s a continuous proper function 
andV is a standard form perturbation ofh(p). 7/'(l + |/i(p)|)“^l^(l + \ belongs 

to S^{X), then H is strictly affiliated to S^{X). 

We may replace above (1 + by any function of the form 0o/i with 9 as in Theorem 

5.8. Indeed, Ch{X*) is obviously included in the multiplier algebra of S^{X). 

For 0 < s < 1, let := D{\h{p)f) equipped with the graph topology and let Q ^ he its 
adjoint space. So =0,0^^ = LL, and Q~^ = Q*. If V is a continuous symmetric form 
on Q such that VQ^ C G~^ for some s < 1, then for each 7 > 0 there is a real 6 such that 
±V < y\h{p) \ + S, and hence 1/ is a standard form perturbation of h{p) and H is well 
defined. 

Corollary 5.10. Let H — h[p) + V, where h : X* — >■ M ii a continuous proper function, 
and let V be a continuous symmetric form on Q such that V d with s < 1. Let f be 

a smooth function such that 4>{x) ^ large x and denote L = (j)(HQ)V(j}{HQ). If 

limfc^o II [-Mfcj .^lll =0 and aM = s-lima_>Q T*VTa exists in B{Q, Q*) for each a G 
then H is affiliated to S^{X), we have a.H = h{p) + ol.V, and aessiH) = UaCr{a.H). 

6 . N-body type interactions 

In this section we introduce and study the algebra of potentials (or elementary interactions) 
in the 7V-body case. We will implicitly assume X of dimension > 2, because in the one 
dimensional case the algebra (a{X) defined in (6.14) coincides with S^(X). 

6.1. N-body framework. The framework that we introduce here allows us to define and 
classify iV-body Hamiltonians in terms of the complexity of the interactions inside subsets 
of particles. 

Assume that for each finite dimensional real vector space E a translation invariant C*- 
subalgebra ViE) of Cq{E) has been specified (the letter V should suggest “potentials”). 
Then, for each subspace Y C X, we get a translation invariant subalgebra VifXjY') C 
C(J(X). Let us denote by ( Aq,, a ^ L) the norm closed subalgebra generated by a family 
{Actjcg/ of sets Aa C CJJ(X). Then we let 

TlviX) ■- {V{XIY),Y C X) and := 7^■p(X) n X . (6.1) 

Thus TZ'p{X) is the norm-closed subalgebra of CJJ(X) generated by the V(XjY), where 

Y runs over the set of all linear subspaces of X. Clearly this is a translation invariant C*- 
subalgebra of CJJ(X). We shall regard the crossed product Sf'p{X) TZ-p{X) n X, as a 
C'*-subalgebra of 3^{X). Its structure will play a crucial role in what follows. For instance, 
for our approach, it will be convenient to assume that Cq{E) C 'P{E) and Viff) = C. 
Clearly then .^■p(X) contains C*{X) andcj^(X). 

It will be natural to call TZ'p{X) the algebra of elementary interactions of type V and 
ff-p (X) := TZp (X) X X the algebra of N-body type Hamiltonians with interactions of type 
V. Indeed, ffp{X) is the C'*-algebra of operators on L^(X) generated by the resolvents 
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of the self-adjoint operators of the form h{p) + V, with h : X* R+ continuous and 
proper, and V £ TZ'p{X) [22, Proposition 3.3]. The self-adjoint operators affiliated to 
(X) will be called N-body Hamiltonians with interactions of type V. 

We give three examples of possible choices for V, in increasing order of difficulty. 

First, the “standard” 7V-body situation, as described for example in [11, Section 4] and 
[22, Section 6.5], corresponds to the choice = Co{E). The algebra of elementary 

interactions TZ-p{X) = TZco{X) in this case has a remarkable feature: it is graded by the 
ordered set of all linear subspaces of X, more precisely TZcoiX) is the norm closure of 
Sfca: this sum is direct, and we have Co(2f/F)Co(X/Z) C Co(X/(F fl Z). 

Then the corresponding algebra i%Co{X) of 7V-body Hamiltonians with interactions of 
type Co inherits a graded C'*-algebra structure [33, 35]. The usual A^-body Hamiltonians 
are self-adjoint operators affiliated to fico{X), and their analysis is greatly simplihed by 
the existence of the grading. 

Let us now discuss the choice of the space of potential functions ViXjY) that will used in 
this paper. Namely, for any real hnite dimensional vector space E we consider the spherical 
compactihcation E of E and denote C{E) = C{E). Our main goal in this paper is to treat 
the larger class of interactions 'P{E) = C{E) and to analyze the A^-body Hamiltonians 
associated to them. We recall the notations already used in the introduction: 

£{X) := 7^c(2^) := {C{X/Y), Y d X) d C^(X), (6.2) 

^(X) := %(X) := £{X) x X C SS{X). (6.3) 

One of the main difficulties now comes from the absence of a grading of the algebra £’(X) 
of elementary interactions, which requires more care in understanding its spectrum. Ob¬ 
serve that, besides the ideal Co(X) x X ~ JY (X) of compact operators, <o’(X) also con¬ 
tains the spherical algebra S^{X) := C(X) x X consisting of two-body type operators. 

A third natural choice, which gives an even larger class of elementary interactions and of 
X-body type Hamiltonians, is to take as 'P{E) the algebra of slowly oscillating functions 
on E, a class of functions whose importance has been pointed out by H.O. Cordes (see 
Section 6.2 in [22] for a discussion of this point and several references). In this context, 
we mention M.E. Taylor’s thesis [48] where hypoelliptic operators with slowly oscillating 
coefficients of two-body type are considered: this is one of the hrst papers where Fred- 
holmness criteria are obtained in a general setting by using the comparison C'*-algebras 
introduced by Cordes. In fact, his C'*-algebra 21 is just the crossed product of the C*- 
algebra of slowly oscillating functions by the action of X. 

6.2. The algebra of elementary interactions. The algebra £{X) will play a leading role 
in our approach. From the dehnition, it follows that £ (X) is a translation invariant subalge¬ 
bra since the generating subspaces C{X/Y) are already translation invariant. The algebra 
£{X) is not graded, as in the standard X-body framework of the algebra TZcq (2f), but has 
a natural hltration that plays an important role in our analysis. 

Let us hx a linear subspace Z d X. Then XjZ is a hnite dimensional real vector 
space, and hence the C*-algebra £{XIZ) d CJ](X/Z) is well dehned and the embed¬ 
ding C'^[XjZ') d CJ[(X) allows us to identify £{XIZ) with a C*-subalgebra of £{X). 
If Y D Z is another linear subspace then YjZ d XjZ and we may identify XjY = 
[XjZ)I{YIZ). Therefore we can identify 

£{XlZ) = C'*-subalgebra of i?(X) generated by C(X/y). (6.4) 

Thus, the C'*-algebra £{X) is equipped with a family of 67*-subalgebras £{X/Y), where 
Y runs over the set of linear subspaces of X, such that, for 0 C ^ C X C X, we have 

C = f (0) = £{X/X) d £{XIY) d £{XIZ) d £(X). (6.5) 
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Recall now that Sx consists of the half-lines of X. We shall denote by [a] the one dimen¬ 
sional subspace generated by a half-line a G Sat- Observe that the algebras E{X/\a]) are 
maximal among the non-trivial subalgebras of £{X) of the form f (X/F). 

Translation at infinity along a direction a = R+a G Sx gives us a linear projection Tq, of 
E(X) onto the subalgebra £(X/[a]) as follows. For u G E(X) we define 

Ta{u){x) := lim u{ra + x). ( 6 . 6 ) 


Lemma 6.1. Let Y G X be a real, linear subspace and u G C{XjY). Then 

juiiTYia)) gC if a^Y 
\ u ij a G Y . 

Proof. If a ^ y, 7 ry(a) is a half line in XjY, and hence u{'KY{oi)) is defined. The fact 
that the limit is as stated follows from the definition. □ 

Note that, in the above lemma, Tq (u) is a constant if a ^ F. The lemma gives right away 
the following. 

Proposition 6.2. If a G Sx and u G £{X), then the limit in ( 6 . 6 ) exists for all x G X, is 
independent of the choice of a G a, and Ta(u) G £{X). The map Ta '■ £{X) —>■ £{X) is 
an algebra morphism with range £{X/[a\) and Ta{u) = ufor all u G £{Xl[a\). 


Proof Lemma 6.1 shows that the map maps CifXjY') to itself if a C F, and maps 
ClfXjY') to C otherwise. The subspace of i? C £{X), for which the limit Ta{u){x) exists 
for any a; is a norm closed, conjugation invariant subalgebraof f (X). Since B contains the 
generators of £{X), we obtain that B — £{X). Consequently, the limit Ta{u){x) exists 
for all M G £{X) and all a; G X. Also, we obtain that Tq, maps the generators of £{X) 
to a system of generators of £{X/[a\) G £{X), and hence Tq, maps £{X) onto £{X/[a\) 
surjectively. To complete the proof, we notice that Tq. o Tq = Tq, on the standard system of 
generators of £{X), and hence Tq, = id on the range of Tq., that is, on £{X/[a\). □ 

Remark 6.3. The proof of Proposition 6.2 gives that,/or each a G Sx, the relation ( 6 . 6 ) 
defines a unital endomorphism Tq, of £{X), which is also a linear projection of £{X) 
onto the subalgebra £{X/[a]). We note that Tq does not commute with rp in general: if 
a subspace Z does not contain a and /3 and u G CifXjZ') then TaTp{u) = u{'Kz{ld)) and 
TpTaiu) = u{'Kz{a)). 

Remark 6.4. For the purpose of this paper, the elements of £{X) should be thought as 
multiplication operators on the space Lf{X). If, according to the notational conventions 
from the beginning of Section 2, we denote by u{q) the operator of multiplication by 
u G £{X) and, if we set Ta{u{q)) — Ta{u){q), then we get an expression similar to (4.4): 

Ta{u{q)) = s-\im T*^u{q)Tra = s-lim u(ra-f g). (6.7) 

r—>-+oo r—f-\-oo 

We emphasize however that s-lima_>Q, T*u{q)Ta does not exist for general u G £(X). 

The next few results concern the subalgebras £(X/Y). 

Proposition 6.5. Let a = (ai, 02 , ■ ■ ■, cxn) he a system of half-lines, which generate a 
subspace Y of X. Then 

£{X/Y) = £ix/[ai]) n • • • n £{Xl[an]). (6.8) 

The morphism Ta '■= Ta^Ta^ ■ ■ ■ Tan linear projection of £{X) onto £{X/Y). 
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Proof. If u G CfXjZf for some Z, then Lemma 6.1 gives Ta:{u) = u\fY G Z and 
Ta{u) G C Otherwise. In any case, Ta{u) G £{X/Y). Since is a morphism, the 
range of is included in £{X/Y) and = u if it G £{X/Y). Thus is a linear 

projection of £{X) onto £{X/Y). Let u G £{X). We obtain that u G £{X/Y) if, and 
only if, Ta{u) = u. If u belongs to the right hand side of (6.8), then = u, so 

u G £[X/Y). □ 

Note that a permutation of the ai, a 2 ,..., will give a different projection onto 

(see Remark 6.3). More generally, if /3 = (/3i,..., /3m) is a second system of half-lines 

that generates Y , then is a projection £’(X) —?> £{XlY) distinct from in general. 

By using (6.5) and (6.8) we get 

£{X/Y) = n„cy^W[«]) = {« e = wVa C n, (6.9) 

from which we get 

£{X/Y) = {u G £{X), u{xYy) = u{x)'iy G L} = £{X) r\C^{X/Y). (6.10) 

Indeed, if C is the middle term in (6.10), then £{X/Y) C C, by the definition of £{X/Y) 
and the dehnition of shows that C is included in the right hand side of (6.9). 

Proposition 6.6. IfY, Z are subspaces of X then£{X/(Y + Z)) = £{XlY) fl £/(X/Z). 

Proof Let Y' ,Z' be supplements of F C\ Z \nY and Z respectively. Choose a basis 
oi,..., a„ of F + Z such that oi,..., is a basis of F', then Oi+i,..., Oj is a basis of 
F n F, and aj+i ,..., a„ is a basis of Z'. Denote ak the half-line determined by Ofe. From 

(6.8) we get 

£{X/Y) = nk<j£iX/[ak]) and £{X/Z) = nk>^£{X/[ak]) , 

and hence £{X/Y) fl PifXjZ') = {yj:^i£{X/[ak\), which is equal to £{X/ (F + Z)), by 

(6.8) . This completes the proof. □ 

6.3. The character space. We now turn to the study of the spectrum (or character space) 
of the algebra of elementary interactions. We begin with an elementary remark. 

Let X G X. Then to x there corresponds the character Xx{u) = u{x) on C^{X). The 
character Xx is completely determined by its restriction to the ideal Cq{X) of C^{X). 
Similarly, if a G -F, then a dehnes a character Xa '■ C{X) —?> C by Xa{u) = u(a). 

The following lemma and its corollary will provide a crucial ingredient in the proof of 
Theorem 6.14 identifying the spectrum of £(X), which is one of our main results. 

Lemma 6.7. Let Y C X be a subspace, let B be the C*—algebra generated by C(X) and 
C{X/Y) in C^{X), and let a G Sjc \ Sy. Then the character Xa of C{X) extends to a 
unique character of B. This extension is the restriction of Ta to B. 

Proof Recall that the canonical projection 'Ey '■ X ^ XjY extends to a continuous map 
TTy : X \ §y — >■ XjY , which sends Sx 'n Sy onto Sy. Thus /3 := Try (a) G Sy and xp is 
a character of CifXjY). Let x bo ^ character of B such that xlc(X) = Xa- We shall verify 

now that xlc(y^) = X/3- 

To prove that x\c(x/y) ~ X;S, it suffices to show that the kernel of X/3 is included in that 
of X, which means that for u G C{X/Y) with u(/3) = 0, we should have x(ti) = 0. By a 
density argument, it suffices to assume that rt = 0 on a neighborhood V of jd'm X/Y . It 
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is clear that we can find v € C(X) with z)(a) = 1 with support in the TTy^iy), and hence 
uv = 0. Since u,v G B, we have 

0 = xiuv) = xiu)xiv) = xiu)Xaiv) = xiu)via) = x(w) ■ 

This proves that x\c(x/y) ~ claimed. 

From the relation x\c(xJy) ~ proved, we obtain the uniqueness of x, since C{X) 

and C{XIY) generate B. To complete the proof, let us notice that the restriction of Tq to 
C{X) is Xa and its restriction to C{XIY) is also character, because a (^Y. Thus is a 
character on B and we get X = fa Is by uniqueness. This completes the proof. □ 

Corollary 6.8. Let xi ond X 2 be characters of £{X). Let us assume that there exists 
a G Sx such that Xi('w) = X2(w) = u{a) for all u G C{X) and that xi = X2 on 
S{X/[a]). Then xi = X 2 - 


Proof It is enough to show that xi = X 2 on each of the algebras C{X/Y), since the later 
generate £{X), by definition. Since Xi = X 2 = Xa on C{X), we obtain xi = X 2 on all 
C{X/Y) with a ^ y, by Lemma 6.7. Since C{X/\a]) contains (indeed, it is generated 
by) d\\C{X/Y) with a C Y, the result follows. □ 

We now proceed to the construction of the characters of £" (X). We begin with a remark 
concerning the simplest nontrivial case that helps to understand the general case. 

Remark 6.9. If a G §x and /3 G Sx/[a]. then [/?] is the one dimensional subspace gener¬ 
ated by [dm X/[a], and hence 7 rj“|([/ 3 ]) is a two dimensional subspace of X that we shall 
denote by [a,^]. Note that we may and shall identify (7f/[Q;])/[/3] with X/[a,l3\. Then 
Proposition 6.2 gives us two morphisms Tq : £{X) —?> £{X/[a\) and Tp : £{X/[a\) —^ 
£{X/\a^ 0\) that are linear projections. Thus TpTa '■ £{X) —^ £'(2f/[a, ff\) is a morphism 
and a projection, and if a G X/[a, jd], then u i—>■ {TpTau){a) is a character of £{X). 

We now extend the construction of the above remark to an arbitrary number of half-lines. 
However, it will be convenient first to introduce the following notations. 

Notations 6.10. Our construction involves finite sequences 7^ := (ai, a 2 , ■ ■ ■, an) with 
0 < n < dim(X) and linear subspaces [7^] := [ai,a 2 ,..., ctn] of X associated to them. 
If n = 0, then we define 7^ as the empty set and we associate to it the subspace of X 
reduced to zero: [0] = {0}. If n = 1 then 7^ = (ai) with ai G Sx and, as before, [ai] 
is the one dimensional subspace of X generated by ai. The case n = 2 is treated in the 
Remark 6.9 and we extend the notation to n > 3 by induction: q;„ G Sx/[ai,...,a„_i] and 
[ai,..., Un] = TTy^dofn,]) is an n-dimensional subspace of X (here Y = [ai,..., a„_i]). 
Note that we may identify X/[ai ,..., Q!„] = I^X/[ai ,..., an-i])/[«„]. We denote 
the set of the just defined finite sequences 7^ of length n and 

■= {(«> 77“ = (oi, Q! 2 , ..., an) G , a G X/[ai ,..., a„] } . 

In particular, O® = X and if = dimjX), since [ai,..., ax] = X. Let 

( 6 . 11 ) 

Definition 6.11. If {a, ft) G then we define 

fa,^fa,i_i ■ • ■ fai and ; 

which are endomorphisms of £{X). We agree that r 0 is the identity of £{X). 


( 6 . 12 ) 
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In particular, the range of is £[X/\a\) and is an endomorphism of £{X) and a 
linear projection of £{X) onto the subalgebra £{X/\^\). The morphisms of the form 
considered in Proposition 6.5 also have these properties, but they may be distinct from 
the T-^, the objects a and being different in nature. Note also that, since a G X/[c^\, 
translation by a is a morphism of £{X/\1^\), and hence is well defined. 

We now introduce what will turn out to be a parametrization of the characters of f (X). 

Definition 6.12. If {a, ll) G fix, we define the character Xa by the formula 

Xa,iiiu) ■= Xa{T-^{u)) = T-^iu){a). (6.13) 

We need to explain what happens in the limit case n = dim(X). 

Remark 6.13. Let n = dim(X) and (a, 7^) G fix'^- Then ["c?] = X, and hence X/\7^] = 
0, so the only possible choice for a is a = 0. Moreover, : £{X) —C is already a 
character. Since tq = id, we get Xo,~^ = • 

We are ready now to prove one of our main results, which is a description of all the char¬ 
acters of the algebra f(X). Recall that we denote hy £{X) the character space of £{X). 

Theorem 6.14. The map fix —>■ £{X) defined by (a, Tt) Xa~d bijective. 

Proof The preceding construction shows that is a character, therefore we only need 
to show that every character x of £[X) is of this form and that the pair (a, 1^) is uniquely 
determined. To this end, we look at the restriction of x to the subalgebra C{X) and proceed 
by induction on the dimension of X. 

Every character of C(X) is of the form u ea u{x) = Xx for some x G X. Hence there is a 
unique x G X such that x\c(x) ~ Xx- We distinguish two cases: x G X and x G X \ X. 
In the first case, we have x = a G X\ that is, xi'u) = u{a) for all u G £{X). In our 
terminology, this means x = Xa,0- The characters x of this form are characterized by the 
fact that the restriction of x to C[j{X) is non-zero. The value of a is then determined by 
restriction to Co(X), since there is a one-to-one correspondence between the characters of 
Co{X) and the points of X. Thus all the characters Xa.0^ a G X, are distinct. 

Now let us assume that x ^ X, that is, x = a G := X \ X, and that the assertion of 
the theorem is true for all vector spaces of dimension strictly less than that of X (induction 
hypothesis). Then the theorem holds for the space X/[a], so there is ^ = (/3i ,..., fik) 
with 

fii G X/[a], ^2 G X/[a, fii], ..., /3fe S X/[a, /3i,..., fik-i ], 
such that the restriction of x to £{X/\a]) is given by x(tt) = {T-^u){b) for some b G 

(X/[a])/t That is, X = Xi,~f on f (X/[a]). Let a = b and let be obtained by includ¬ 
ing a in front of the sequence , more precisely = (a, /3i,..., fik)- Then Xa = 
(t-^ o Tau){b) and the characters x and Xa,~d coincide on £{X/[a\). On the other hand, 

on C(X), the characters x and Xa coincide with the character Xa '■ £{X/[a\) —>■ C. 
Therefore X = Xa by Corollary 6.8. 

The same argument can be used to show that we obtain a one-to-one parametrization of 
all these characters. We shall proceed once more by induction on the length of . If 
Xa,~d — Xj we have two possibilities: first that their restrictions to Co{X) is non-zero 
and, second, that their restrictions to Ci^[X) is zero. In the first case, we must have 7^ = 0 
and = 0, by the discussion earlier in the proof. By restricting to Co{X), we also 
obtain a = b G X. Let us assume that ^ 0, then Xa restricts to zero on Cq{X), 
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and hence /3 ^ 0 as well. Since the restrictions of Xa,~^ ^ to C{X/Y) are Xai 

and xpi respectively, we obtain ai — Pi- The proof is completed by induction using the 
restrictions of these characters to E{X/[ai]), as in the first part of the proof. □ 

We shall describe now the morphism on E{X) defined as the translation by a character 
X = Xa see Section 2, Definition 2.2. 

Theorem 6.15. The translation morphism associated to the character Xa,~d Definition 
2.2 is the unital endomorphism of £(X) introduced in Definition 6.11. 

Proof. If X = Xa = Ta 0 for some a G X, then this is just the usual translation by a, i.e. 

~ Ta{u) = a.u is the function x i—>■ u{a + x). In general, we have to use the 
definition in Definition 2.2, that is, {T^{u)){y) = xiu-'u) for all y G X. Thus, if X = Xa 
as above, then from Definition 6 .12 we get 

{t^{u)){x) = Xa.lt{x-u) = Xa{T-^{x.u)) . 

It is clear that X acts by translation on each of the algebras £(XT/y) and that the morphism 
T-^ : £{X) — 7 > £{X/1^) is covariant for this action, that is, t-^{x.u) = x.{t-^{u)). Thus 

{t^{u)){x) = Xa{x.{T-^{u))) = (x.(T-^(u)))(a) = (u)){x + a), 

and hence we get t^{u) = TaT-^{u), which is ( 6 . 12 ). □ 

Remark 6.16. Although we shall not use this here, let us mention that in view of Remark 
2.5 and of Theorem 6.15, it is interesting to notice that the action of X on the space of 
characters of £{X) is given by Tx{Xa ~^) = Xa-n^(x) where tt-^ is the canonical map 
X — 7 > X/\l^\. Hence, for the determination of the essential spectrum, it is enough to 
consider the characters Xo,’^ ^^d their associated translations ^ = Tq = t-^. 

6.4. The Hamiltonian algebra. We now apply the results we have proved to the study of 
essential spectra. Since £{X) is a translation invariant C*-subalgebra of such that 

Co{X) + C C £{X), v/e may take A = £(X) in Section 2. The algebra generated by the 
Hamiltonians that are of interest for us is the crossed product 

S’{X) :=£{X) xi X. (6.14) 

As explained in Section 2, fS’(X) can be thought as the closed linear subspace of S§{X) 
generated by the operators of the form u{q)v{p) with u G £{X) and v G Co(A'*). On the 
other hand, since CjX/F) is a translation invariant C'*-subalgebraof CJJ(X), we may also 
consider the crossed productC(JX/y) xi X and we clearly have 

(S’{X) = C'*-subalgebra of 11§{X) generated by ^ (6.15) 

Similarly, for any subspace Y C AT, we may consider the crossed product SifXjY) = 
£{XlY) XI X. We thus obtain a family of C*-subalgebras of S'{X) that, as a consequence 
of (6.5), has the following property: if Z GlY then 

C*{X) = <?(0) = SiXjX) c SiXjY) c SiXjZ) c S{X). (6.16) 

From the general facts described in Section 2, and by taking into account the properties 
of £{X) established in the preceding subsection, we see that for any A G ^(X) the map 
X I—>■ Tx{A) = T*ATx extends to a strongly continuous map x '—>■ fx(^) G on the 

spectrum of £{X) such that 

Tx{u{q)v{p)) = T^{u{q))v{p) fox dWu G £{X) ?LnAv G Cq{X*). 

Here x G £{X), and hence it is of the form described in Theorem 6.14 and the associated 
endomorphism of £{X) is described in ( 6 .12). Note that, in virtue of Theorem 2.4, we 
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are only interested in the characters that belong to the boundary S{£{X)) of X m £{X), 
which are those with 7 ^ 0. Then Proposition 2.3 and Theorem 6.14 imply: 

Proposition 6.17. Let X = Xo ^ Then there is a unique continuous linear 

■ '^(^) (a {X) such that Tg^ -^{u{q)v(p)) = {T^ -^u){q)v{p)forallu € £{X) 
and V G Co{X*). This map is a morphism and a linear projection of S{X) onto its 
subalgebra £{X/[c^]) xi X. 

Now we shall use the special form of the morphisms in order to improve the com¬ 
pactness criterion of Theorem 2.4. 

Theorem 6.18. Let A G A'{X). Then for each a G Sx and a G a the limit Ta{A) = 

а. A := s-linir^+caTfa-^'Tra exists and is independent of the choice of a. The map Tq, 
is a morphism and a linear projection of S'{X) onto its subalgebra £{X/[a\) 'A X. The 
operator A is compact if and only if Tq,(A) = Ofor all a G Sx- 

Proof. The first assertion follows from the preceding results, but it is easier to prove it 
directly. Indeed, it suffices to consider A of the form A = u{q)v{p) with u G £{X) 
and V G Co{X*). Then T*^ATra = Tra{A) = Tra{u{q))v{p), which converges to 
(a.u) {q)v{p) by Proposition 6.2 (or see Remark 6.4). The properties of the endomorphism 
Ta are consequences of the same proposition. Everything follows also by using general 
properties of crossed products and the fact that at the abelian level Tq : £(X) — £{X/[a]) 
is a covariant morphism. To prove the compactness assertion, note first that Tq, (aI) = 0 if 
A is compact because Tj-a —>■ 0 weakly as r —>■ 00 . Then if A G S(X) and Ta(A) = 0 for 
all a G Sx then it is clear by ( 6 .12) that -^(aI) = 0 if 7^ 7 ^ 0, and hence Ty^ {A) = 0 for 
all X G S(£(X)), and so A is compact by Theorem 2.4. □ 

Remark 6.19. If E is a linear subspace of X, then the algebras LifXjY') and SlfXjY') 
are a priori defined by our formalism as algebras of operators on LfifXjY'). In Section 

б . 2 , we have defined as a subalgebra of satisfying the relation ( 6 . 10 ); this 

definition is natural because of our general convention to identify subalgebras of C'^ifXjY') 
with subalgebras of On the other hand, we note that the algebras SifXjY) = 

£{XlY) A {X/Y) a.\\A £{X/Y) a X are quite different objects: indeed 

£{X/Y) A X ~S{X/Y)®C*{Y) (6.17) 

by a general fact from the theory of crossed products, namely 

{A®B)a{GaH)'::±{AaG)®{BaH) (6.18) 

if {A, G) and {B, H) are amenable C'*-dynamical systems. In particular: 

£{X/[a]) aXc± S{X/[a]) ® C'*([a]). (6.19) 

Corollary 6.20. The map T{A) = induces an injective morphism 

S{X)IJG{X) ^ riaes, £{X/[a]) x X. (6.20) 

The following theorem is an immediate consequence of the preceding corollary. 

Theorem 6.21. Let H be a self-adjoint operator on L^{X) affiliated to S(X). Then for 
each a G §x cind a G a the limit Ta{H) = a.H = s-limr^+00 Tra^Tra exists and is 
independent of the choice of a. We have aess{H) = UQ;gS;^.(T(a.i7). 

The question whether the union Uq,gSx'^(q^-^) closed or not will not be treated in this 
paper (see [39] for related results). That the union is closed if S{X) is replaced by the 
standard X-body algebra ^Co (X) is shown in [22, Theorem 6.27] and is a consequence 
of the fact that {Ta{A), a G §x} is a compact subset of Sco(X) for each A G Sco(X). 
Unfortunately this is not true in the present case. 
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Lemma 6.22. If A £ S[X), then {tq,(A), a G Sx} is a relatively compact subset of 
but is not compact in general. 

Proof We first show that a G §x} is a relatively compact set in (S’(X). Since 

the product and the sum of two relatively compact subsets is relatively compact, it suffices 
to prove this for A in a generating subset of the algebra ff(X), so we may assume that 
A = u{q)v{p) with u G CifXjY) and v G Co{X*) for some subspace Y. Then Ta{A) = A 
if a C Y and Ta{A) = Ta{u)v{p) if a ^ F. In the second case we have Ta{u) G C and 
|2a(u)| < 11 It 11, so it is clear that the set of the Ta{A) is relatively compact. 

We shall give now an example when this set is not closed. Let X = K^, Y = {0} x M, 
and let us identify X/Y = R x {0}. The operator A will be of the form A = u(q)v(p) so 
that Ta{A) = Ta{u){q)v{jp) with u = uq + uy for some uq G C{X) and uy G C{XfY). 
We have X/Y = M x {0} = [—oo, +oo], and hence consists of two points ±oo. If 
q; S Sx then Ta{u) = uo(a) + Ta(uy) where Ta(uy) = uy if a C Y and Ta(uy) = 
uv('^v(a:)) if a ^ F. In the last case we have only two possibilities: Ta(uy ) = uy(+oo) 
if a is in the open right half-plane and Ta(uy) = uy(—oo) if a is in the open left half¬ 
plane. 

Let P be the upper half-axis, i.e. /3 = {(0, y), y > 0}, and let us choose uq such that 
“ 0 ( 7 ) 7^ uq{P) for all 7 G §x, 7 7 ^ /3- Then choose uy such that uy(-I- 00 ) — uy{—oo) 
be strictly larger than uo(j) — uo(P) for all 7 G Sx- Then {Ta(u), a G Sx} consists of 
the following elements: uo(P) + uy, uq{—P) + uy, uo{a) + uy (-I- 00 ) if a is in the open 
right half-plane, and uo{a) + uy{—oo) if a is in the open left half-plane. We shall prove 
that this set is not closed. Indeed, let {q:„} be a sequence of rays in the open right half¬ 
plane that converges to /3. Then (u) = uo{an) + uy{+oo) is a sequence of complex 
numbers that converges to mo(/ 3) -I- My(+oo). This number cannot be of the form Tj{u) 
for some 7 G Sx because, if 7 C F, then Tj(u) = 110 ( 7 ) + tJ-Y is not a number. If 7 is 
in the open right half-plane, then Tj(u) = 110 ( 7 ) + iiy(+oo), which cannot be equal to 
uo{P) + uy{+oo), because 110 ( 7 ) 7 ^ uq{P). On the other hand, if 7 is in the open left 
half-plane, then Ty(ii) = 110 ( 7 ) + uy{—oo), which cannot be equal to iio(/3) + iiy(+c») 
because 110 ( 7 ) — iio(/3) < iiy(-l-oo) — ity(— 00 ). □ 

Remark 6.23. It is important to notice that finding good compactihcations of X related to 
the A^-body problem is useful for the problem of approximating numerically the eigenval¬ 
ues and eigenfunctions of A^-body Hamiltonians [1, 16, 17, 18, 19, 50]. In particular, this 
gives a further justification for trying to hnd the structure of the character space of £{X). 

6.5. Self-adjoint operators affiliated to ^(X). Our purpose here is to show that the class 
of self-adjoint operators affiliated to ^{X) is quite large. As mentioned at the beginning 
of Section 6, we may and shall assume dimX > 2. 

We first prove Theorem 1.2. We recall the definition of £'^{X) in terms of the algebras 
B{X/Y) defined as in (3.4) and Lemma 3.3. Note that, according to our notational con¬ 
ventions, B{X/Y) is identified with a C*-algebra of functions on X. 

Definition 6.24. £'^{X) is the C*-subalgebra of L°°{X) generated by the functions of the 
form V o TTy, where Y runs over the set of linear subspaces of X and v G B{X/Y). 

Proposition 6.25. 11 G £^{X) if and only if there is a sequence of functions Un G £(X) 
such that sup„ \\un\\L°-(x) < 00 and lim„ \\uniq) - u{q)\\n^(^x)^'H(x) = 0 for some 
s > 0. 


Proof We will need the following consequence of Proposition 3.4: u G B{X/Y) if, and 
only if, there is a sequence of functions Un G C{X/Y) such that ||u„||loo < C with C 
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independent of n and lim„ \\un{q) — u(9)||-h*(x)->-w(A') = 0 for some s > 0. For the 
proof, it is useful to distinguish between the function m on X and the function u' on X/Y 
related to it by u = u' o tty- Then Proposition 3.4 gives us functions u'^ : XjY —>■ C 
of class C{XIY) such that ||u^|| 2 ,~(x/r) ^ C and u'^{q) —>■ u'{q) in norm in the space 
of bounded operators 'H‘^{X/Y) —^ 'H{X/Y). Thus, if we set o iry, it suffices 

to show that lim„ ||u„(( 7 ) — u{q)\\'H‘{x)^'H{x) = 0. But this is clear because, if Z is a 
subspace supplementary to Y in X, then we have X/Y ~ Z, 'H{X) ~ 'HiY) ®'H{Z) and 
%^{X) ~ (■H"(r) (g) 'H{Z)) n {%{Y) 0 'H^{Z)). 

Since is the norm closure in L°° of the space of linear combinations of products of 
functions in B{X/Y) with Y running over all subspaces of X, it remains to prove that if 
M is a finite product u = .. .u^ of functions u* G B{X/Yi), then one may construct 

a sequence {«„} as in the statement of the proposition. By what we have proved, such a 
sequence {u^} exists for each i and clearly it suffices to take Un = u\- ■ - u/^. □ 

Proof of Theorem 1.2. We consider first the operator H defined in (1.3). Since dim X > 
2 , the function h is either lower or upper semi-bounded, and hence we may assume > 0 . 
In Theorem 5.8 we take Hq = h{p), so Hq is a positive operator strictly affiliated to S{X). 
Then, according to Theorem 5.8, if 1^ is a bounded self-adjoint operator on Ti, such that 

ip{Ho)V{Ho + G S’iX) for all p G Cc(K) (6.21) 

then H = Hq -f 14 is a self-adjoint operator strictly affiliated to ^{X). Since /i is a 
proper, continuous function we have (po h G Cc(K), and hence for any s > 0 the function 
= (p{h{k)){k)^ also belongs to Cc(K), so G (^{X). Then p{Hq) = 
hence (6.21) is satisfied if (p)~^V G ^{X). This last fact is clearly true ifV = u{q) with 
u G Six) and remains true if m G S^X) by Proposition 6.25. 

Now let H be the self-adjoint operator associated to the operator L : defined 

by (1.5). Then we take Hq = 1-1- equip "H"* with the scalar product 

{u\Hqu). If we set 14 = L — Hq, then (1.6) implies 14 > —(1 — 6)Hq — 7 . Since i5 > 0 
we see that the conditions on 14 in Theorem 5.8 are satisfied (with a change of notation). 
The second condition on 14 is clearly satisfied if Hq^VH//^^^ G <S’{X). Observe that 
the operator 14 has the same form as L, only the coefficients in the principal part 
being changed in an irrelevant manner (replaced by 5 ^ 1 , — <5^^ and poo ~ 1 respectively). 
Thus it remains only to check that p^H^^ belongs to <o’(2f) if |/i|, \v\ < m. 

Since p'^Hq belongs to the multiplier algebra of # (X), it suffices to have p^^Hq^q^i, G 
S'{X). Since Hq is of order and p^ is of order at most m, this follows from what 

we proved before in the case H = h{p) -1-14. □ 

Remark 6.26. One may treat, by the technique of the preceding proof, operators L with 
unbounded coefficients in the terms of lower order. Assume that for each p, v the operator 
of multiplication by mapsH"*“l‘'l into ThenT : "H™ —is well defined 

and the condition (1.6) ensures the existence of the self-adjoint operator H associated to it. 
It has been shown in [22, Example 4.13] that this operator is affiliated to the crossed product 
Cq(X) x X, and hence its essential spectrum can be described in terms of localizations 
at infinity of H. However, its affiliation to the smaller algebra (S’(X) would give a much 
more precise characterization of the essential spectrum. For this, by the argument of the 
preceding proof, it suffices to have p^H //^G <o’(X) for all p, v. And this is 
satisfied if the operator g^iviq) is the norm limit in of a sequence 

of operators g'/^iq) with g'/^ G £{X). 

In the rest of this section we consider only potentials that have a simpler W-body type 
structure, as explained in Subsection 1.4 (page 4), and we shall prove Theorems 1.5 and 
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1.6. We will be able to cover a large class of such interactions by using a more explicit 
description of the algebras C(X/y) x X that we describe now. 

Observe first that if Z is a supplement of V in X, so Z is a linear subspace of X such that 
y n Z = {0} and y + Z = X, then: 

C{X/Y) >oX = C*{Y)^ y{Z) relamely to L^{X) = L^{Y)^L^{Z). (6.22) 

Indeed, C{X/Y) x X is the norm closed subspace generated by the operators of the form 
u{q)v{p) with u G C{X/Y) and v{p) G C*(X). But once Z is chosen, we may identify 
C(X/Y) = 1 'S)C(Z) and C*{X) = C*(Y) 0 C'*(Z), and hence (6.22). Of course, this is 
a particular case of the relation (6.18) from Remark 6.19. 

It is useful to express (6.22) in an intrinsic way, independent of the choice of Z. This is in 
fact an extension of Theorem 4.2 to the present setting. 

Observe first that if A is a bounded operator on T^(X) and [A, Ty] = 0 for all y G Y, then 
T*ATx depends only on the class z = TTyix) of x in X/Y. Thus we have an action r of 
X/y on the set of operators A in the commutant of {Ty}y^Y such that Tz{A) = T*ATx 
if TTyix) = z. Later on we shall keep the notation Ta(A) = T*ATa for a G XjY since 
the correct interpretation should be clear from the context. 

Theorem 6.27. The set C{XlY) x X consists of the operators A G tM{X) that have the 
position-momentum limit property and are such that 

(i) [A, Ty] = 0 for all y GY, 

(ii) for each a G Sx/y the limit s-limra(A)(*) with a ^ a in X/Y exists. 

Proof. Let a = 7 ry^( 5 ) be the inverse image of the filter a through the map Try, i.e. 
the set of subsets of X of the form 7ry^(F) with F G a. This is a translation invariant 
filter of subsets of X and, if / is a function defined on X/Y with values in a topological 
space B, then lim^-^Q, f{z) = b if, and only if, limjj^Q, / o Try (a;) = b. It is then clear 
that the condition (ii) above is equivalent to the fact that s-lim^^-j-a TfAT^ exists for each 
a G Sx/y. Now the proof is essentially a repetition of the proof of Theorem 4.2, the filter 
a on X/Y being replaced by the translation invariant filter d on X. □ 

There is no simple analogue of Theorem 5.2 in the present context, but one can extend 
Proposition 4.7 and Theorem 5.3. Indeed, both Theorems 1.5 and 1.6 follow from The¬ 
orems 5.7, 5.8 and 6.27. To prove Theorem 1.6 for example, let us set (p) = (1 -f 
|p| 2 )i/ 2 ^ Since we have 1 + h(p) ^ (p)^^, it suffices to prove that for each Y the op¬ 
erator {p)~^^Vy{p)~^ is in C(X/y) x X. This clearly follows from Theorem 6.27. 
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